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Abstract 

We give a construction of contact homology in the sense of Eliashberg-Givental- 
Hofer. Specifically, we construct coherent virtual fundamental cycles on the relevant 
compactified moduli spaces of pseudo-holomorphic curves. 

The aim of this work is to provide a rigorous construction of contact homology, an invari¬ 
ant of contact manifolds and exact symplectic cobordisms due to Eliashberg-Givental-Hofer 
[Eh98, EGHOO]. The contact homology of (T, is dehned in terms of pseudo-holomorphic 
curve “counts” (in the sense of Gromov [Gro85]) in the symplectization M x V. Unfortu¬ 
nately, the moduli spaces of such curves often suffer from a severe lack of transversality, and 
for this reason, it has, until now, remained an important open problem to dehne the relevant 
curve counts in full generality. We will use the framework developed in [Paris] to construct 
coherent virtual fundamental cycles on the moduli spaces in question, thus giving rise to the 
desired curve counts. Our methods are quite general, and should apply equally well to many 
other moduli spaces of interest. 

Previously, a number of important special cases of contact homology (and closely related 
invariants) have been constructed rigorously using generic and/or automatic transversality 
techniques. Gylindrical contact homology of some three-manifolds was constructed by Bao- 
Honda [BH15] and Hutchings-Nelson [HN15]. Legendrian contact homology in was 

constructed by Ekholm-Etnyre-Sullivan [EES05]. Embedded contact homology was intro¬ 
duced and constructed by Hutchings and Hutchings-Taubes [Hut02, Hut09, HT07, HT09a]. 

Remark 0.1 (Virtual moduli cycle techniques). The technique of patching together local 
hnite-dimensional reductions to construct virtual fundamental cycles has been applied to 
moduli spaces of pseudo-holomorphic curves by many authors, including Fukaya-Ono [F099] 
(Kuranishi structures), Li-Tian [LT98a], Liu-Tian [LT98b], Ruan [Rua99], Fukaya-Oh- 
Ohta-Ono [F099, FOOO09a, FOOO09b, F00012, F00015], McDuff-Wehrheim [MWlSc, 
MWlSa, MWlSb] (Kuranishi atlases), Joyce [JoylSb, Joyl4, Joyl2] (Kuranishi spaces and 
d-manifolds), and [Paris] (implicit atlases). 

More recently, the theory of polyfolds developed by Hofer-Wysocki-Zehnder [HWZ07, 
HWZ09a, HWZ09b, HWZlOa, HWZlOb, HWZll, HWZ14] appears to provide a robust new 

*This research was partially conducted during the period the author served as a Clay Research Fellow. 
The author was also partially supported by a National Science Foundation Graduate Research Fellowship 
under grant number DGE-1147470. 
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infinite-dimensional context in which all reasonable moduli spaces of pseudo-holomorphic 
curves may be perturbed “abstractly” to obtain transversality. 

Any one of the above theories (once sufficiently developed) could be used to prove the 
main results of this paper (we use the theory from [Paris]). Although these theories vary in 
their approach to the myriad of technical issues involved, they are expected to give rise to 
completely equivalent virtual fundamental cycles. 

Remark 0.2 (Historical discussion). The theory of pseudo-holomorphic curves in closed sym- 
plectic manifolds was founded by Gromov [Gro85]. Hofer’s breakthrough work on the three- 
dimensional Weinstein conjecture [Hof93] introduced pseudo-holomorphic curves in sym- 
plectizations and their relation with Reeb dynamics. The analytic theory of such curves was 
then further developed by Hofer-Wysocki-Zehnder [HWZ96, HWZ98a, HWZ95, HWZ99, 
HWZ02]. On the algebraic side, Eliashberg-Givental-Hofer [EGHOO] introduced the theo¬ 
ries of contact homology and symplectic held theory, based on counts of pseudo-holomorphic 
curves in symplectizations and symplectic manifolds with symplectization ends (assuming 
such counts can be dehned). The key compactness results for moduli spaces of such curves 
were established by Bourgeois-Eliashberg-Hofer-Wyzocki-Zehnder [BEHWZ03]. Gluing 
techniques applicable to such pseudo-holomorphic curves have been developed by many 
authors, notably Taubes, Donaldson, Floer, Fukaya-Oh-Ohta-Ono, and Hofer-Wysocki- 
Zehnder. 

Acknowledgements: The author thanks Yasha Eliashberg for introducing the author 
to this problem and for many useful conversations. The author is also grateful for useful 
discussions with Mohammed Abouzaid, Frederic Bourgeois, Roger Gasals, Vincent Golin, 
Tobias Ekholm, Kenji Fukaya, Eleny lonel, Patrick Massot, Rafe Mazzeo, Peter Ozsvath, 
and Ghris Wendl. A preliminary version of this paper appeared as part of the author’s 2015 
Ph.D. thesis at Stanford University supervised by Ya. Eliashberg. 


1 Statement of results 

We begin by stating our main results while simultaneously reviewing the dehnition of contact 
homology (for additional context, the reader may consult [Eh98, EGHOO, Eh07]). Specihcally, 
we discuss the four components of the dehnition: (I) the differential, (H) the cobordism map, 
(HI) the deformation chain homotopy, and (IV) the composition chain homotopy. We then 
discuss how to assemble these components into the contact homology functor. We also review 
some applications, and we provide some technical remarks for the experts. 

In the later sections of the paper, we invite the reader to restrict their attention to (I) 
on a hrst reading. The generalization from (I) to (H), (HI), (IV) is mostly straightforward, 
and may be saved for a second reading. 

1.1 (I) The differential 

We will show how to dehne the contact homology differential from the following setup. 
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Setup I. This setup consists of a triple (Y, A, J) as follows. Here y^n-i jg closed manifold^, 
and A is a contact form on Y (i.e. a 1-form such that XA{dX)"‘~^ is nonvanishing). We denote 
by ^ := her A the induced co-oriented contact structure, and J : ^ ^ is an almost complex 

structure which is compatible with dX (i.e. dX{-, J-) is a positive dehnite symmetric pairing 
on 0 - 

Denote by Rx the Reeb vector field associated to A (dehned by the properties X{Rx) = 1 
and dX{Rx, •) = 0). We will denote by T = CP(F, A) the collection of (unparameterized) Reeb 
orbits (i.e. closed trajectories of Rx, not necessarily embedded). We make the additional 
assumption in this setup that all Reeb orbits are non-degenerate (i.e. the linearized return 
map has no fixed vector). 

Let Y := MxR (with coordinate s G M) denote the symplectization"^ ofY. Now J induces 
an M-invariant almost complex structure J on Y dehned by the property that J{ds) = Rx 
and J\^ = J. Given a Reeb orbit 7 + G T and a hnite set of Reeb orbits T” —)■ CP, we dehne: 

12 ( 1 '. 7 +ur-) := [(s, 8 S),(r, 7 +ur-)l/Aut(s, 8 S) (i.i) 

where S is any compact connected oriented surface of genus zero with boundary, equipped 
with a homeomorphism between dS and y’*' U T” (preserving orientation on y"*" and reversing 
orientation on T”). There is a natural partition CP = CPgood LI CPbad, and for each good Reeb 
orbit y G CPgood, there is an associated orientation line (i.e. a Z/2-graded free Z-module of 
rank one) 0 .^ with parity |y| := sign(det(/ — Afi)) G {±1} = Z/2, where denotes the 
linearized return map of y acting on ^ (see §2.5). We set^ Or := (S) 7 Gr ^7 1^1 X] 7 Gr IaI 

for any hnite set of Reeb orbits T ^ CP. For a given Reeb orbit y G CP, let G Z>i denote 
its covering multiplicity. 

Let Mi(y“, T'*";/9) denote the compactihed moduli space of connected J-holomorphic 
curves of genus zero in Y modulo M-translation, with one positive puncture asymptotic to 
y"*" and negative punctures asymptotic to T", in the homotopy class fi, along with asymptotic 
markers on the domain mapping to hxed basepoints on y"*" and T” (see §§2.1-2.2). We denote 
by /i(y’'', T”; /3) G Z the index of this moduli problem (the “virtual” or “expected” dimension 
of Mi(y+, T";/3) equals /i(y’'', T”;/3) — 1); we have ,T~ ] fi) = |y+| — |r“| G Z/2 (see 
§2.4). We say that Mi(y’'', T”; fi) is regular (or cut out transversally) ih the relevant linearized 
operator is everywhere surjective (see §2.3). By [BEHWZ03], each Mi(y''', T”; /3) is compact. 

Our main result in this setup is the following. 

Theorem I. Fix {Y, A, J) as in Setup I. There exists a non-empty set ©i = 0i(T, A, J) along 
with, for all 9 G ©i, y"*" G CPgood, T” —)■ CPgood, and (3 G 7 r 2 (T, y"*" U T”), numbers (“virtual 

^Everything is in the smooth category unless stated otherwise. 

^More intrinsically, the symplectization of a co-oriented contact manifold {Y, © is defined as the total space 
of the bundle of 1-forms with kernel namely Y := ker(T*E —>■ G)-i-- The restriction of the tautological 
Liouville 1-form on T*Y is a Liouville 1-form A on T; the associated Liouville vector field on Y generates 
an R-action on Y which is simply scaling by e®. A choice of contact form A for ^ induces an identification of 
(y,A) with (R X Re®A). 

^By <S> we always mean the super tensor product, i.e. where the isomorphism A® B —> B ® A is given 
hy a®b^ (-l)l“ll^l&(g) a. 
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moduli counts”):'^ 

#Mi( 7+, r-; /3)r e 0 ::;+ 0 Or- (8) Q (1.2) 

This data is functoriaf' in (F, A, J), and the following properties are satisfied for all 9 G 
01 .- _ 

If 7 ^ then_^Mi{-f+,T-]fi)f^ = 0 . _ 

a. If F”; fi) = 1 and Mi( 7 +, F"; fi) is regular, then Mi( 7 ’'', F“; fi) = Mi( 7 ’'', F“; fi) 
is a compact manifold of dimension zero naturally oriented by 0 .,,+ 0 Op_, and: 

#Mi( 7 +, F-; = #Mi( 7 +, F-; /3) (1.3) 

(in particular, if,T~ ■, fi) = 0 then ,T~-, fi)™ = Q). 

Hi. The virtual moduli counts satisfy the following “master eguation”: 

#aMi(7+,F-;/?)r = 0 (1.4) 

for all ,T~] fi), where the left hand side denotes the sum over all codimension one 
boundary strata of the relevant products of (1.2) and inverse covering multiplicities of 
intermediate orbits (this sum is finite by compactness). 

For {Y, A) as in Setup I, let: 

CC.(r,OA:=0Sym5( 0 0 ,) (1.5) 

'T^^good 

denote the free supercommutative (i.e. ab = (—l)l“ll^l 6 a) unital Z/2-graded Q-algebra gener¬ 
ated by o.y for 7 e IPgood. Given J and 6 G 0i(F, A, J), we may define a differential: 

dj^e : C'G.(F, 0 a ^ CC,.fiY, 0 x ( 1 - 6 ) 

which satishes the Leibniz rule (d(l) = 0 and d{ah) = da-h+ (—l)l“la-(i 6 ); it is dehned by the 
property that it acts on o.y+ by pairing on the left with dff times the sum over all (F“, /?) of 
(1.2) divided by ff |Aut(F“,/9)|. By [BEHWZ03], for hxed 7 + there are only hnitely many 
non-empty spaces Mi( 7 +, F“;/?), so dj^ is well-dehned. The master equation (1.4) implies 
that this differential squares to zero: 

djfidjfi = 0 (1.7) 

We denote the resulting homology by: 

CH.{Y,Ox,j,o ( 1 . 8 ) 

which is itself a supercommutative unital Z/2-graded Q-algebra. 

Remark 1.1. One can view contact homology as a version of S'^-equivariant Morse-Floer 
homology of the loop space LY with respect to the action functional 7 1 —A. 

"^Note that for 0 odd, there is no symmetric perfect pairing 0 0 0 —>■ Z, so we may not conflate 0 and its 
dual 0 ^. 

^Functoriality has the usual meaning here: an isomorphism between triples i : {Y,\,J) ^ (V, X', J') 
induces an isomorphism i* : 0i(y, A, J) —> Qi{Y', X', J') such that id* = id and (i o j)* = i* o j*, and 
#Mi(7+,r-;d)f = #Mi(L7+,Lr-;i*d)5. 
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1.2 (II) The cobordism map 

We will show how to dehne the contact homology cobordism map from the following setnp. 

Setup II. This setnp consists of a triple (X,a), J) and two triples (Y^, A^, J^) as in Setnp 

I. Here is a manifold and a) is a symplectic form on X (i.e. a 2-form snch that du = 0 

and is non-vanishing). Here J is an almost complex strnctnre on X which is tamed by u, 
that is dj{v, Jv) > 0 for nonzero v E TX. This setnp also inclndes the data of proper maps: 

([0, oo) X F+, d(eW+), J+) ^ (X, 00 , J) (1.9) 

((-cx),0] X y-,d(eW-), J-) ^ {X,uj,J) (1.10) 

which are diffeomorphisms onto their (not necessarily disjoint) images, and we reqnire that 
their image in X have precompact complement. The charts (1.9)-(1.10) need only be dehned 
for |s| snfficiently large, and they need only preserve symplectic forms np to a constant scaling 
factor. 

Let := 7{Y^, A^). Given a Reeb orbit 7 + G 7^, a hnite set of Reeb orbits T” —)■ CP“, 
and a homotopy class (3 G 7 r 2 (X, 7 + U T”), we denote by Mii( 7 ’'', T”;/?) the compactihed 
moduli space of connected J-holomorphic curves of genus zero in X from y"*" to T” in the 
homotopy class fd. See §§2. 1-2.2 for more details. By [BEHWZ03], each Mi( 7 +, T”;/?) is 
compact. 

Theorem II. Fix data as in Setup II, and let Qf = 0i(F^, A^, J^). There exists a set ©n 
with a surjective map ©n ^ ©j*" x 0f, along with, for all 6 G ©n, y"*" G fPgood? —)■ IPgood? 
and (3 G 7 r 2 (X, 7 + U T”), numbers (“virtual moduli counts”): 

#Mn(7+,r-;/3)r G 0 );+ 0 Or- G Q (1.11) 

This data is functorial in the data from Setup II, and the following properties are satisfied 
for all 9 E ©II.' 

z. ///x(7+,r-;/3) ^ 0, fhe^#Mii(7+,r-;/3)r = 0. _ 

a. ///i( 7 +, T”; /9) = 0 and Mii( 7 ’'', T”; /3) is regular, then Mii( 7 ’'‘, T"; (3) = Mii( 7 ’^, T”; (3) 
is a compact manifold of dimension zero naturally oriented by o.y+ 0 0 p_, and: 

#M„(7+, r-; /3)r = #3Vt,i(7+, r-; P) (1.12) 

Hi. The numbers ,T~] (3)))'^ satisfy the following “master eguation”: 

#aMii(7+,r-;/3)r = 0 (1.13) 

for all ,T~; (3), where the left hand side denotes the sum over all codimension 
one boundary strata of the relevant products of (1.2) (using 9^), (1.11), and inverse 
covering multiplicities of intermediate orbits (this sum is finite by compactness). 

Let (X, d\, J) and (Y^, A^, J^) be as in Setup H, and let 9 E ©n. We may dehne a 
unital Q-algebra map: 

$(X, A)y, : CC.{Y+,t)x+,j+,e+ ^ CC.{Y- (1-14) 
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by the property that it acts on o^+ by pairing on the left with d^l times the sum over 

all (r“,/3) of (1.11) divided by # |Aut(r“,/3)|. By [BEHWZ03] and exactness of {X,dX), 
for hxed y"*" there are only hnitely many non-empty spaces F”; /3), so ‘h(X, A)jg is 

well-dehned. Now the master equation (1.13) implies that this is a chain map: 

dj-,e-‘h(X, X)j g — *h(X, X)j gdj+^g+ = 0 (1-15) 

We denote the resulting unital Q-algebra map on homology by: 

$(X, A)ye : CH.{Y+, e+)A+,j+ 0 + ^ CH.{Y-, r)A-.j-,e- (1.16) 


1.3 (III) The deformation homotopy 

Setup III. This setup consists of a triple (X, a)*, J^)t£[o,i] and two triples (Y^, A^, J^), which 
is a continuous deformation of data as in Setup II. This deformation must be hxed outside 
a compact subset of X. 


By considering appropriate moduli spaces Mni({ 7 j^, T^ ; of (possibly disconnected) 

jTholomorphic curves in X, we prove the following result. 


Theorem III. Fix data as in Setup III; let = 0i(F^, A^, J^) and let 0jj^ = 0ii(X, A°’^, J°’^). 
There exists a set 0in along with a surjective map 0in ^ 0jj Xq+^q- 0jj and virtual moduli 
counts: 


#Mni({( 7 +,rr,A)W)re 


0 





(1.17) 


This data is functorial in the data from Setup III, and the following properties are satisfied 
for all 9 ^ 0III.' 

*. IfE,eWXX7,l3i) + -1, tte^#Mi„({(7+,r-,ft)}.«)r = 0. _ 

“■ VLiei XltX: , M = -1 “n<*Miii({(7+,r.",ft)}.e/) is regular, then MmiUj* ,T~, P, )},,=,) 
Miii({( 7 j^, T^,/dj)}*^/) is a compact manifold of dimension zero naturally oriented by 

^7+ ® ‘’r- ’ 


#Mi„({(7+,rr,ft)}i„)™ = #Mm({(7+,rr,ft)}i5,) (1,18) 

Hi. The numbers if,Tf, satisfy the following “master eguation”: 

#aMni({(7+,rri A)W)f = 0 (1.19) 


for all {(7 j^, T^, where the left hand side denotes the sum over all codimension 

one boundary strata of the relevant products of (1.2) (using 9^), (1.11) (using 9^'^), 
(1.17), and inverse covering multiplicities of intermediate orbits (this sum is finite by 
compactness). 

For data as in Setup III, it follows that the following two maps coincide: 


<S>{X,dY)jO go 

C'/7.(F+,r)A+j+,e+ ] C'F7.(F-,r)A-,j-,0- ( 1 - 20 ) 
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for {9^, 6 *°’^) G ©ii^Q+xe-©!!- More precisely, one obtains a chain homotopy K(X, {d\^}t)^ 
CC,{Y^,^^)x+j+fi+ —)■ CC,iY~ between the two chain maps by pairing with 
(1.17); the master equation (1.19) implies that: 

$(X, A^) - <I>(X, A°) jo,,o = dj-,e-K{X, + K{X, {d\%)^j^^^,dj^,e^ (1.21) 

Remark 1.2 (Higher homotopies associated to families of cobordisms). The proof of Theorem 
III generalizes immediately to the case of deformations parameterized by t G A”. That is, 
there are sets ©npn) = ©iii(n)(-^, (A*, J*)tgA") (specializing to ©upo) = ©ii and ©upp = ©m) 
along with surjective maps: 

©iii(n)(-^, (A\ J*)t 6 A")lim [©in(fc)(A, (A*, J*)tgA'') (©f x ©f)] ( 1 - 22 ) 

(limit in the category of sets over ©j*" x ©f). Furthermore, there are associated virtual 
moduli counts satisfying the natural master equation, thus giving rise to “higher homotopies” 
K(X, of degree n satisfying: 

d,-_,-K{X, {dA‘}.eA..)(J.).,A»,e + {"‘},sA-)y.,,„„.»dy+,9r 

n 

Y, (1,23) 

_ fc =0 

Remark 1.3 (Chain homotopy vs DGA homotopy). In Theorems III and IV, we obtain 
ordinary chain homotopies by counting disconnected curves. For certain purposes (e.g. to 
have good notions of augmentations and their linearized contact homology), one needs dga 
homotopies (in some suitable sense), and for this it seems to be necessary to count connected 
curves. Eliashberg-Givental-Hofer [EGHOO, §2.4] sketch one way to count connected curves 
to obtain a dga homotopy (in one sense); see also Ekholm-Oancea [E015, §§5.4-5.5]. In the 
context of Legendrian contact homology, Ekholm-Honda-Kalman [EHK12, Lemma 3.13] 
give another way to count connected curves to obtain a dga homotopy (in another sense). 


1.4 (IV) The composition homotopy 

Setup IV. This setup consists of triples J°^), J^^) and triples (V^, A°, J°), 

(V^A^T), Here {X^\ oj°\ (V^ A^ T) is as in Setup H, as 

ipX^\P\jPPY\X\P)PY\X\P). 

Furthermore, we specify a smooth deformation of data (A°^’*, T°^’*)te[o,oo) as in Setup 

H, with (V°, A°, J°), {Y^, A^, P) as positive/negative ends. For sufficiently large t, we identify 
with the result of gluing X^^ U by truncating the ends to (—t, 0] x Yj C X^^ and 
[0,t) X Fi C and identifying them via translation. Under this identihcation, must 
coincide with the descent of U and must coincide with the descent of 
to A°^’* (only well-dehned up to scale). If t is omitted, it means t = 0. 

By considering appropriate moduli spaces Miv({ 7 )^, Tj"; Alie/) of (possibly disconnected) 
j02,t_hoiomorphic curves in A°^’* for t G [0, cxd], we prove the following result. 
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Theorem IV. Fix data as in Setup IV; let = 0i(y*, A*, J*) and let 0jj = 0n(V*'^, A*-’, .P^). 
There exists a set 0iv along with a surjective map 0iv -» 0n ^eOxeJ (©ii^ ©n) 

virtual moduli counts: 


#Miv({( 7+, rr,)7 g 




(1.24) 


This data is functorial in the data from Setup IV, and the following properties are satisfied 
for all 9 G ©IV ■' 

^ -1; lhei^MiY{{{-ft ,Tf, l3i)}iei)T = 0. _ 

A) = -1 andMiy{{{-ff ,T-, is regular, thenMiY{{{lt ^ 

Miv({( 7 j^, F”,/5j)}jg/) *'5 ® compact manifold of dimension zero naturally oriented by 
<S>iei <8 o^_, and: 


#M,v({( 7+, rr. ft)}i£,)f = #Miv({( 7+. Fr. ft)}.£/) (1-28) 

Hi. The numbers #Miv({( 7 j^, F ^,satisfy the following “master eguation”: 

#aMiv({(7+,F-, A)W)r = 0 (1.26) 

for all {{pff ,V~, I3i)}i(zi, where the left hand side denotes the sum over all codimen¬ 
sion one boundary strata of the relevant products of (1.2) (using 9^'^'“^), (1.11) (using 
^ 01 , 12 , 02 (1.24), and inverse covering multiplicities of intermediate orbits (this sum is 
finite by compactness). 

For data as in Setup IV, it follows that the following diagram commutes: 


. . CHJY\lVxi ne^ . . 


CH.{Y^,e)x^jo,eo 


‘S>{X°IdX0^)j02^g02 


-^CH,iY\e)x\j^e^ 


(1.27) 


for (^ 6 ) 07 , 2 ^ 5101 , 12 , 02 ^ ^ 002 Xqo^q 2 ( 0 jj^ X 0 i 0 jj^) (one obtains a chain homotopy between the 
two chain maps by pairing with (1.24) and using (1.26)). 


1.5 The contact homology functor 

We now assemble our main results to dehne the contact homology functor (1.28). 

Let (Contact, Cj:act)„ denote the category whose objects are closed co-oriented contact 
manifolds ^) and whose morphisms are deformation classes of exact symplectic cobor- 

disms (V^”, A). Let OtingQ^^ denote the category whose objects are supercommutative Z/2- 
graded unital Q-algebras and whose morphisms are graded unital Q-algebra homomorphisms. 
Contact homology is a symmetric monoidal functor: 

CH, : (Contoct, Cpact)(( —)■ (9tin0Q^^)® 


( 1 . 28 ) 



The symmetric monoidal structure on (Contact, Cpact)„ is disjoint union U, and the symmet- 

'V jry 

ric monoidal structure on iHin^Q' is the super tensor product ( 8 ) (A 0 5 is endowed with the 
multiplication (a 0 h){a! 0 6 ') := (—0 66', and the isomorphism A® B ^i?0y4is 
given by a 0 6 I— )■ (—l)l“ll^l 6 0 a). 

We now construct the functor (1.28) from Theorems I, II, III, IV in detail. Concretely, 
this means we should dehne: 

• For every co-oriented contact manifold (V, f), a super commutative Z/2-graded unital 
Q-algebra CH,{Y,i). 

• For every exact symplectic cobordism (X, A) from (V+, to (V“, a graded unital 
Q-algebra map $(X, A) : C'Ff.(V+,C+) ^ CH,{Y-,i-). 

• Isomorphisms CH.{M, 0 O CH.{M', ^') = CH.{M U M', ^ U ^'). 
such that: 

• The morphism associated to the identity cobordism is the identity map. 

• The morphism <I)(X°^, A°^) associated to a composition of exact symplectic cobordisms 

coincides with the composition <I)(X^^, A^^) o <I)(X°^, A°^). 

• The morphism <F(X, A) depends only on the deformation class of {X, A). 

• The isomorphisms CH,{M, 0 ^') = CH,{M U M', ^ U ^') are commutative, 

associative, and compatible with the cobordism maps. 

The construction is as follows. 

Theorem I provides a supercommutative Z/2-graded unital Q-algebra: 

CH.{Y,Ox,j,e (1.29) 

for any co-oriented contact manifold (V, ^) with non-degenerate contact form A, admissible 
almost complex structure J, and 9 G 0i(V, A, J). 

Theorem II provides a graded unital Q-algebra map: 

f a 

CH.{Y+, e)xYJYe+ -^ CH.{Y-, nx-,j-,9- (1.30) 

for any exact symplectic cobordism (X, A) with A^ non-degenerate, admissible almost com¬ 
plex structure J coinciding with near inhnity, and 9 G 0ii(X, A, J) mapping to 9'^ G 0f. 
Theorem III shows that the following two maps coincide: 

<I.(X,A°)JO 00 

C'/f.(V+,r)A+j+,e+ ’) C'h 6 .(V-,r)A-,j-,e- (1.31) 

Note that this immediately implies that <h(X, A)jg is independent of J and 0, and depends 
only on the deformation class of (X, A). Thus we may rewrite (1.30) as: 

CH,{Y+,t)x®j+,e+ CH.{Y-,C)x-,j-,e- (1.32) 
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Theorem IV shows that the following diagram commutes: 


CH.{Y\e)x\J\e^ 

^-(XOhAOl) ^ $(X12,A12) 


C'i/.(VO,e°)AO,jo,eo 


$(X02,A02) 




(1.33) 


Lemma 1.4. Let (V, ,^) he a co-oriented contact manifold with two non-degenerate con¬ 
tact forms A’'',A“. Let (V, A) denote the trivial exact symplectic cohordism from (V, A+) to 
(V, A“). Then the map: 


C'/f.(V,OA+(1.34) 
is an isomorphism for any and 9^. 

Proof. In view of the commutativity of (1.33), it suffices to treat the case A"*" = A“ = A and 
J+ = J- = J. 

Choose the M-invariant almost complex structure J = on X, and choose any 9 G ©n 
mapping to 9^. We will show that the map on chains: 

c'c.(v,OA,j,e+ c'c.(y,OA,j.0- (i-ss) 

is an isomorphism, which is clearly sufficient. 

We consider the ascending hltration on both sides of (1.35) whose hltered piece is 
the Q-subspace generated by all monomials of Reeb orbits with total action < a or total 
action = a and degree > k. The map (1.35) respects this hltration. Indeed, the integral of 
dX (here we consider dX and not dX) over any J-holomorphic curve is > 0, with equality 
iff the curve is a branched cover of a trivial cylinder, and every branched cover of a trivial 
cylinder has at least one negative end. Since the hltration is well-ordered, it suffices to show 
that the induced map on associated gradeds is an isomorphism. 

The curves contributing to the action of (1.35) on associated gradeds are the branched 
covers of trivial cylinders with exactly one negative end, and such curves are themselves 
necessarily trivial cylinders by Riemann-Hurwitz. Since there is exactly one such trivial 
cylinder for every Reeb orbit, it suffices to show that trivial cylinders are cut out transversally. 
This is a standard fact, whose proof we recall in Lemma 2.24. □ 

Now for a contact manifold (V,0; groups CH,(Y,f)x j 0 are canonically isomorphic 
via the morphisms <h(X,A) associated to the trivial cobordisms (by Lemma 1.4 and the 
commutativity of (1.33)). Thus we get a well-dehned object: 

(1.36) 

independent of A, J, 9. Formally speaking, CH,{Y,f) is the limit (and the colimit) of 
{CH,{Y,f)x j^ 0 }xjQ, which is attained at any particular triple (A, J, 6*). Note that for any 
contact structure, the set of non-degenerate contact forms is generic (and in particular non¬ 
empty) . 
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The commutativity of (1.33) also implies that a deformation class of exact symplectic 
coboordism (X, A) from to induces a well-dehned graded unital Q-algebra 

map: 

$(X, A) : CH.iY+, t) ^ CH.iY-, C) (1.37) 

and that <h(X 02 , A^^) = o A°^) for = X^^#X^^. 

To construct the symmetric monoidal structure on CH,, it suffices to observe that the sets 
©I, ©n are themselves (almost) symmetric monoidal, in the sense made precise in Proposition 
4.39. This completes the construction of the contact homology functor (1.28) in terms of the 
main results Theorems I, II, III, IV. 

1.6 Variations on contact homology 

We now recall (following [Eh98] and [EGHOO]) some important variations on the basic contact 
invariant CH,{Y,^) dehned above. 

• (Grading by Hi{Y)) Gontact homology CH,{Y,^) has a grading by Hi{Y) (the grading 
of a given monomial in Reeb orbits equals its total homology class). 

• (Rehnement of Z/2-grading) Gontact homology CH,{Y,^) has a relative grading by 
Z/2ci(^) • 7 ^ 2 (E), which is absolute over the 0 G Hi(Y) graded piece. The grading is 
given by I 7 I = GZ( 7 ) + n — 3. 

• (Action hltration) If we equip (E, 0 with a contact form A, then for a G M, there is an 

invariant Gi7,(E, A)<“ equipped with functorial maps Gi7,(E, A)<“ —)■ Gi7,(E, A')<“' 
for ^ ^ such that: 

G77.(E,0 = lh^C'i7.(E,A)<“ (1.38) 

Namely, Gi7,(E, A)^“ is dehned as the homology CC,{Y,^)f°jg C GG,(E, ^)a,j, 6 », the 
subspace spanned by monomials of total action < a (note that the differential strictly 
decreases action). This invariant CH^°' may be constructed out of Theorems I, II, III, 
IV as in §1.5. 

• (Goefhcients in Q[i 72 (E)]) Gontact homology CH,{Y,^) has a natural lift CH,{Y,^) 
to the group ring Q[i 72 (E;Z)]. More intrinsically, CH, may be thought of as a local 
system over the space of 1-cycles in V, namely r>oG,+i(E). Gontact homology with 
group ring coefficients CH,{Y,^) has a relative Z-grading, where Q[i 72 (E)] is Z-graded 
by 2ci(.^) : 772 (E) Z. This invariant G77, may be constructed out of Theorems I, 
II, III, IV as in §1.5. 

• (Gontact homology of contractible orbits) There is an invariant G77““*'’(E, ^) (an al¬ 

gebra) obtained from the chain complex GG““*'’(E, A) generated as an algebra by con¬ 
tractible Reeb orbits (with a differential which counts curves whose asymptotic orbits 
are all contractible). There is also an invariant G77“(E, (a module over ^)) 

obtained from the chain complex GG"(E, A) generated as a module over GG“°*’^(E, A) 
by Reeb orbits in a fixed nontrivial homotopy class a (with differential counting curves 
whose asymptotic orbits are either all contractible or all contractible except for the 
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positive end and one negative end both in class a). These invariants and CH^ 

may be constructed out of Theorems I, II, III, IV as in §1.5. 

• (Cylindrical contact homology) If (V, is hypertight (admits a contact form with no 

contractible Reeb orbits) then there is an invariant dehned as follows. If 

(V, ^) admits a non-degenerate contact form with no contractible Reeb orbits, then 

is dehned as the homology of the complex CCl^^iY, A) := with 

the differential which counts pseudo-holomorphic cylinders. If this is not the case, 
then one must hrst dehne A)^“ for non-degenerate contact forms A with no 

contractible Reeb orbits of action < a, and then let CII^y^(Y,^) := lin^ CII^y^(Y, A)<“. 
This invariant may be constructed out of Theorems I, II, III, IV as in §1.5. 

• (Linearized contact homology) Given a contact manifold (V, equipped with an ex¬ 

act symplectic hlling (X, A), it should be possible to dehne an invariant GiLi™(X, A) 
as the homology of GGi™(X, A) := with diherential which counts pseudo- 

holomorphic buildings in Y “anchored” in X as in [BEE12]. It should be straightfor¬ 
ward to generalize the methods of this paper to construct this invariant. 

• (Invariants of contactomorphisms) There is a natural homomorphism: 

TTo Cont(V, 0 ^ AutQ(C'i7.(V, 0) (1-39) 

namely the tautological action of Cont(V, ^) on CH,{Y,^). This action admits the 
following description in terms of cobordism maps which shows that it descends to ttq. 
For any ip G Cont(V, ^), denote by the exact symplectic cobordism from Y to itself 
obtained from the trivial cobordism by changing the marking on the negative end by 
(f. The action of p on CH,{Y, clearly coincides with the cobordism map <h(X<^). On 
the other hand, *h(X<p) only depends on the class of p in ttq since cobordism maps are 
invariant under deformation. It is also clear that p i—)■ *h(X(^) is a group homomorphism 
since = X^p. 

As pointed out by P. Massot, any contactomorphism symplectically pseudo-isotopic to 
the identity (a notion due to Cieliebak-Eliashberg [CE12]) lies in the kernel of (1.39); 
indeed, p is symplectically pseudo-isotopic to the identity iff X^^ is isomorphic to Xid 
as symplectic cobordisms from Y to itself. Thus a contactomorphism which acts non- 
trivially on contact homology cannot be symplectically pseudo-isotopic to the identity. 

The above construction generalizes to give a natural homomorphism: 

//fc(Cont(V, 0) ^ RomQ{CH,{Y, 0, CH.+^iY, 0) (1.40) 

Namely, a family of (p G Cont(V, ^) gives a family of cobordisms X<^, and the “higher 
homotopies” dehned in Remark 1.2 give the desired map (1.40). For non-trivial ex¬ 
amples, we refer the reader to Bourgeois [BouOO], who introduced (1.39)~(1.40) (or, 
rather, their pre-compositions with the map f2^S(V) Cont(V, ^) coming from Gray’s 
hbration sequence Gont(V,^) —?■ Diff(V,^) —>■ S(V), where S(V) denotes the space of 
contact structures on Y and denotes the space of loops based at ^ G E(V)). 
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It should be possible to upgrade (1.39)~(1.40) into the statement that CC,{Y,^) is an 
Aoo-module over C,(Cont(y, ^)) (i.e. contact chains of (Y,^) should be a “derived local 
system” over B Cont(F, ^)). One way to approach the construction of such a structure 
would be to simultaneously generalize Remark 1.2 and Theorem IV to compositions 
of multiple cobordisms. It should be straightforward to generalize the methods of this 
paper to carry out this argument. 

• (Integer coefficients) An interesting open question (promoted by Abouzaid) is how to 
naturally lift contact homology from Q to Z. 

1.7 Applications and calculations 

We now mention a few applications and calculations of contact homology. 

1.7.1 Overtwisted contact manifolds 

A given (connected, non-empty) contact manifold is either tight or overtwisted. Overtwisted 
contact structures are classihed completely by an h-principle due to Eliashberg [Eh89] in 
dimension three and Borman-Eliashberg-Murphy [BEM14] in general. 

Contact homology (even with group ring coefficients) vanishes on any overtwisted contact 
manifold. In dimension three, this is a result of Eliashberg [Eh98, p334. Theorem 3.5(2)] (a 
proof is given in Yau [Yau06] and the appendix by Eliashberg). In higher dimensions, this 
follows from the result of Bourgeois-vanKoert [BvKlO, Theorem 1.3] that contact homology 
vanishes for any contact manifold admitting a negatively stabilized open book, together with 
the result of Casals-Murphy-Presas [CMP15, Theorem 1.1] that a contact manifold admits 
a negatively stabilized open book iff it is overtwisted. These vanishing results are proved by 
exhibiting a contact form with a non-degenerate Reeb orbit bounding exactly one pseudo- 
holomorphic plane in the symplectization (which is cut out transversally); in particular, they 
are valid for the contact homology we construct here. 

Contact homology (with group ring coefficients) should also vanish for PS-overtwisted 
contact manifolds. The notion of PS-overtwistedness is due to Niederkriiger [Nie06] and 
Massot-Niederkriiger-Wendl [MNW13]; every overtwisted contact manifold is PS-overtwisted 
(see [BEM14, p4]), and the converse is currently open (except in dimension three where 
it holds by dehnition). The argument for vanishing (due to Bourgeois-Niederkriiger and 
sketched in [Bou09]) considers (virtual) counts for (compactihed) moduli spaces of pseudo- 
holomorphic disks with boundary on the plastikstufe (or bLob), one marked point mapping 
to a hxed curve on the plastikstufe from its core to its boundary, and an arbitrary number 
of negative punctures. It should be straightforward to generalize the methods of this paper 
to carry out this argument. 

It is natural to ask whether contact homology detects overtwistedness, that is, whether 
= 0 implies that (Y, 0 is overtwisted (this would imply that Legendrian surgery 
preserves tightness, recently proven in dimension three by Wand [Wanl4]). Recent examples 
of Ekholm [Ekhl5] suggest there may be counterexamples, at least in higher dimensions. 
The somewhat similar Heegaard Floer contact invariant c(^) G HF{—Y)/{±1} of Ozsvath- 
Szabo [OS05] also vanishes for overtwisted contact manifolds, and is known to not detect 
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overtwistedness by examples of Ghiggini [Ghi06]. 

1.7.2 Existence of Reeb orbits 

The Weinstein conjecture [Wei79] asserts that every contact form on a closed manifold 
admits at least one Reeb orbit. In dimension three, a breakthrough was made by Hofer 
[Hof93], who proved the Weinstein conjecture for contact three-manifolds which are either 
S^, overtwisted, or have nontrivial 7 T 2 (using pseudo-holomorphic curves in symplectizations). 
Later, Taubes [Tau07] proved the Weinstein conjecture for all contact three-manifolds (us¬ 
ing Seiberg-Witten Floer homology and Embedded Gontact Homology of Hutchings and 
Hutchings-Taubes [Hut02, Hut09, HT07, HT09a]). In higher dimensions, a number of cases 
are known, for example [AH09, NRll, GZ12, DGZ14, GZ14, GDvK14]. 

If CH,(Y,^) 7 ^ Q, then the Weinstein conjecture holds for (R, 0- Indeed, the existence of 
a Reeb orbit for non-degenerate A is immediate. Moreover, given any fixed (Aq, Oq) such that 
CH,{Y, —)■ CH,{Y,^) does not factor through Q —)■ CH,{Y,^), every non-degenerate 

A has a Reeb orbit of action < apsup A. Now the same holds for arbitrary contact forms A 
since non-degenerate contact forms are generic (and hence dense). 

It is natural to ask whether CH,{Y,^) = Q for any (non-empty) contact manifold. 

One can also show the existence of Reeb orbits in particular homology or homotopy 
classes by taking advantage of the grading of CH,(Y,^) by Hi(Y) or by using CH^(Y,^). 
In particular, if CH,{Y,^) = 0, then every contact form for ^ has a contractible Reeb orbit. 
Note that it is already known by work of Albers-Hofer [AH09] that PS-overtwisted contact 
manifolds always have a contractible Reeb orbit. 

One can also use contact homology to estimate the growth rate of the number of Reeb 
orbits below a given action threshold (see, e.g. Vaugon [VaulS]). Many such results have 
been obtained using Embedded Gontact Homology, e.g. [HT09b, GGHR15, GGH14], and 
there are also earlier results due to Hofer-Wysocki-Zehnder [HWZ03]. Ginzburg-Kerman 
[GKIO] used contact homology to give other interesting restrictions on Reeb dynamics. 

1.7.3 Fillability and capacities 

A contact manifold with vanishing contact homology is not exactly symplectically hllable; 
more generally, if the positive end of an exact symplectic cobordism has vanishing contact 
homology then so does the negative end (since there are no unital ring maps 0 —)■ R for a 
non-zero ring R). 

In fact, a contact manifold with vanishing contact homology is not strongly symplectically 
hllable, as shown by Niederkriiger-Wendl [NWll, Gorollary 6(1)] (stated in dimension three, 
though the proof works in general). Moreover, the vanishing of contact homology with certain 
group ring coefficients can obstruct weak hllability as well, as shown by Niederkriiger-Wendl 
[NWll, Theorem 6 , Gorollary 6(2)] in dimension three and Massot-Niederkrtiger-Wendl 
[MNW13, Gorollary 7, Theorem F] in general. Our results provide sufficient virtual curve 
counts for both of these results. These hlling obstructions have been generalized by Latschev- 
Wendl [LWll] assuming the existence of certain SFT invariants. 

Symplectic embedding capacities can be dehned from the action hltration on contact 
homology; they are expected to coincide with the capacities dehned by Ekeland-Hofer [EH89, 
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EH90]. Similar (though different) capacities have been defined by Hutchings [Hutll] using 
Embedded Contact Homology, see also [HutlS]. 

1.7.4 Contact non-squeezing 

Eliashberg-Kim-Polterovich [EKP06] proved certain contact non-squeezing results (in sim¬ 
ilar spirit to Gromov’s non-squeezing theorem) using contact homology. In their setting, 
generic transversality holds, and our results are not needed. 

1.7.5 Relation to positive S'^-equivariant symplectic homology 

The linearized contact homology of (X, A) should coincide with {X, A) Q, where 

denotes -equivariant positive symplectic homology (see [B014]). This isomorphism 
was proven by Bourgeois-Oancea [BO09, BO 15] under certain transversality assumptions. 
It should be possible to generalize the methods of this paper to prove this isomorphism in 
general. One can use SH^’^ in place of contact homology for some applications (see Gutt 
[Gutl5]). 

1.7.6 Calculations 

It is trivial to calculate contact homology given a non-degenerate contact form all of whose 
Reeb orbits are even, since the differential then vanishes for index reasons. Even this simple 
case yields interesting results. Ustilovsky [Ust99] constructed such “even contact forms” 
on certain Brieskorn spheres, leading to the conclusion that carries infinitely many 

non-contactomorphic tight contact structures, in every homotopy class of almost contact 
structure. Abreu-Macarini [AM12] constructed even contact forms on any “good toric con¬ 
tact manifold”, leading to the conclusion that x carries infinitely many tight contact 
structures in the (unique) homotopy class of almost contact structures with ci = 0. 

It is also sometimes possible to analyze pseudo-holomorphic curves directly to calcu¬ 
late contact homology. Examples of such calculations (together with applications) include 
[EGHOO, Theorem 1.9.9], [BG05], [GH13], [vK08], [Yau04] (though see relevant remarks in 
[B015]), [Yau09]. Galculations are made much more convenient if one is allowed to use 
Morse-Bott contact forms as in Bourgeois [Bou02] (see Remark 1.7). 

The linearized contact homology of cotangent bundles should be given by CH^^'^{T*N) = 
{LN, N) (S'^-equivariant homology of the loop space LN relative to the constant loops, 
possibly with twisted coefficients as in Abouzaid [Abol4]). This is originally due to Gieliebak- 
Latschev [GL09], and is consistent with the expectation CHl"^{T*N) = {T*N) Q 

and Viterbo’s theorem [Abol4]. 

It is natural to investigate the effect of Weinstein surgery on contact homology. In 
particular there should be a long exact sequence involving CII,(Ya) —)■ CH,{Y) for any 
isotropic sphere A C Y. For Legendrian surgery, Bourgeois-Ekholm-Eliashberg [BEE12] 
sketch the construction of such a long exact sequence in linearized contact homology. For 
subcritical surgery, work of Yau [Yau04] (see relevant remarks in [B015]) is closely related. 
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1.8 Remarks for the experts 

We collect here some remarks for the experts concerning varions technical aspects of onr 
approach. 

Remark 1.5 (Small compactihcations). We choose to nse compactihcations of the relevant 
modnli spaces which are smaller than the “standard SFT compactihcations” nsed in [EGHOO, 
BEHWZ03]. Ronghly speaking, we collapse all trivial cylinders, and we do not keep track 
of the relative vertical position of different components of disconnected curves in symplecti- 
zations M x E. 

Our alternative compactihcations are more convenient for proving the master equations 
of contact homology: the codimension one boundary strata in our compactihcations corre¬ 
spond bijectively with the desired terms in the “master equations”, whereas the usual SFT 
compactihcations contain additional codimension one boundary strata. If we were to use the 
usual SFT compactihcations, we would need to additionally argue that the contribution of 
each such extra codimension one boundary stratum vanishes. 

Remark 1.6 (Topological gluing theorem). We prove a gluing theorem which gives a local 
topological description of our compactihed moduli spaces over the locus where they are 
transverse. In order to apply the virtual fundamental cycle machinery developed in [Parl5], 
a smooth structure on the compactihed moduli spaces is not needed, nor is any gluing in 
non-transverse settings. 

Remark 1.7 (Morse-Bott contact homology). It should be possible to dehne contact ho¬ 
mology in terms of Morse-Bott contact forms, by counting appropriate pseudo-holomorphic 
cascades (this is due to Bourgeois [Bou02]). It should be possible to generalize the methods 
of this paper to construct the relevant virtual moduli counts (though the relevant gluing 
analysis would be more technical). 

Remark 1.8 (Symplectic Field Theory). It should be straightforward to generalize the meth¬ 
ods of this paper to construct many of the more general Symplectic Field Theory invariants 
from [EGHOO]. 

2 Moduli spaces of pseudo-holomorphic curves 

In this section, we dehne the moduli spaces of pseudo-holomorphic curves which we will use 
to dehne contact homology. 

2.1 Categories of strata Sj, Sn? She Siv 

We begin by introducing collections Si, Sn, Sm, Siv of labelled trees which we will use to 
index the strata of the compactihed moduli spaces of pseudo-holomorphic curves. A labelled 
tree describes the “combinatorial type” of a pseudo-holomorphic curve: the tree is the dual 
graph of the domain, and it is labeled with the homotopy class and asymptotics of the map. 

Gluing pseudo-holomorphic curves corresponds to contracting a subset of the edges of a 
tree and updating the labels accordingly. We regard Si, Sn, Sm, Siv as categories, with such 
edge contractions as morphisms. Morphisms of labelled trees then correspond to inclusions 
of (closed) strata in compactihed moduli spaces. 
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Figure 1: A tree. The edges are all directed downwards. 



Figure 2: A contraction of trees. The edges which have been contracted are marked bold. 

The categories Si, Sn, Sm, Sjv carry some additional (vaguely monoidal) structure, corre¬ 
sponding to the fact that boundary strata in compactihed moduli spaces can be expressed as 
products of other “smaller” moduli spaces. The relevant operation on trees is that of “con¬ 
catenation”, where we take some collection of trees and identify some pairs of input/output 
edges with matching labels to produce a new tree. 

Definition 2.1 (Tree). A tree shall mean a hnite directed tree, allowing “half edges” (i.e. 
edges with missing source or missing sink), in which every vertex has a unique incoming 
edge (see Figure 1). We denote by (y{T), E(T)) the sets of vertices and edges of a tree 
T. An incoming half edge is called an input edge, an outgoing half edge is called an output 
edge, and full edges are called interior edges. We write E{T) = F'“*(T) U E^(T) U E~(T) 
for the partition into interior, input, and output edges (respectively), and we let E^{T) := 
E^{T) U E~{T). For a vertex v G V{T), we denote by e~^{v) G E{T) the unique incoming 
edge at v, and we denote by {e~{v) G E{T)} the outgoing edges at v. 

A contraction of trees T ^ T' shall mean a map obtained by contracting some collection 
of interior edges of T (see Figure 2). Every tree has a unique maximal contraction, namely 
contracting all interior edges. 


Definition 2.2 (Category of strata Si). We dehne a category Si (depending on data as in 
Setup I). An object of Si is a connected non-empty tree T along with decorations consisting 
of a Reeb orbit 7 e G T for all edges e G E(T), a homotopy class G '^ 2 {y,'ye+{v) LI {7e-();)}) 
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for all vertices v G V (T), and a basepoint Pe G 7 e (meaning a point on the nnderlying simple 
orbit of 7 e) for all inpnt/ontpnt edges e G E^(T). 

A morphism T —)• T' in Sj consists of a contraction of nnderlying trees, compatible with 
the decorations, along with paths between the basepoints. “Compatible with the decora¬ 
tions” means that 7 ^(e) = 7 e for all non-contracted edges e G E{T) and 
for all vertices v' G V{T'). A “path between basepoints” G 7 G CP means a homotopy 
class of paths in the nnderlying simple orbit of 7 , modnlo the relation that identihes two 
paths iff their “difference” lifts to 7 (i.e. has degree divisible by the covering mnltiplicity 
Note that Ant(T), the antomorphism gronp of an object T G Sj, is the semi-direct 
prodnct of neg£;±(T) with the snbgronp of the antomorphism gronp of the nnderlying 

tree preserving the decorations. 

A concatenation {Ti}i in Sj shall mean a hnite collection of trees Tj G Si along with a 
matching between some pairs of inpnt/ontpnt edges of the T/s (with matching 7 e) snch that 
the resnlting glning is a connected tree, along with a choice of paths between the basepoints 
for each pair of matched edges. Given a concatenation {Tj}* in Si, there is a resnlting object 
G Si. If {Ti]i is a concatenation in Si and T, = for some concatenations {Tij}j, 

there is a resnlting composite concatenation {Tij}ij with natnral isomorphisms = 

Call an object T G Si maximal iff the only morphism ont of T is the identity map (i.e. iff 
T has exactly one vertex). Every object T G Si has a nniqne morphism to a maximal object, 
which is nniqne np to nnqine isomorphism. Note the following key fact: an object T G Si is 
maximal iff it cannot be expressed nontrivially as a concatenation. 

Definition 2.3 (Category of strata Sn). We dehne a category Sn (depending on data as in 
Setup II). An object in Sn is a connected non-empty tree T along with the following labels and 
decorations. Each edge shall be labeled with a symbol *{e) G {0,1}, snch that inpnt edges 
are labeled with 0 and ontpnt edges are labeled with 1. Each vertex shall be labeled with 
a pair of symbols G {0,1} snch that < *~{v) and *(e^(n)) = *^(n) (see Fignre 

3). There shall also be decorations 7 e G and f3y G 7r2(X*^’'), 7 e+(„) U {7e-(D)}), 

where := F+, := X, X^^ = := Y~, as well as basepoints Pe G 7e for 

inpnt/ontpnt edges. We call v a symplectization vertex iff =t:^(n) = *“(n), and we denote by 
Vs(T) C V(T) the set of symplectization vertices. 

A morphism T —)■ T' in Sn consists of a contraction of nnderlying trees compatible with 
the decorations, along with paths between the basepoints (see Figures 4 and 5). “Compatible 
with the decorations” means that *’''(7r(n)) < *^(n), *“(7r(n)) > *“(n), and *(7r(e)) = *(e) 
for non-contracted edges e along with the conditions from Dehnition 2.2. 

A concatenation {Ti}i in Sn shall mean a hnite collection of trees T* G U Sn U Sf 
along with a matching between some pairs of input/output edges of the T/s (with matching 
*(e) and 7 e) such that the resulting gluing is a connected tree, along with a choice of paths 
between the basepoints for each pair of matched edges. Given a concatenation {Tj}i in Sn, 
there is a resulting object G Sn. If {Tj}j is a concatenation in Sn and Tj = for 

®It is helpful to think in terms of the category T whose objects are Reeb orbits 7 € CP together with 
a basepoint, and whose morphisms are paths between basepoints (as just described). Then the set of 
isomorphism classes is |CP| = CP, and the automorphism group of an object in the isomorphism class of 7 € CP 
is (canonically) 
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Figure 3: A tree in Sn, with vertex labels as shown. Note that the vertex labels determine 
the edge labels uniquely (and conversely except for vertices with no outgoing edges). 



Figure 4: A contraction of trees in Sn- A contraction of trees in Sn is determined uniquely 
by the set of contracted edges and the set of vertices whose label changes from 00 to 01 (only 
needed for vertices with no outgoing edges). 



Figure 5: This tree in Sn cannot be contracted along (exactly) the marked edge (there is no 
way to consistently label the result). 


19 



some concatenations {Tij}j (in whichever of Sn, Sj*", Sf contains Tj), there is a resulting 
composite concatenation {Tij}ij with natural isomorphisms = jj^iTi. 

Call an object T G Sn maximal iff the only morphism out of T is the identity map (i.e. 
iff T has exactly one vertex). Every object T G Sn has a unique morphism to a maximal 
object, which is unique up to unqiue isomorphism. Note the following key fact: an object 
T G Sn is maximal iff it cannot be expressed nontrivially as a concatenation. 

Definition 2.4 (Category of strata Sm). We dehne a category Sm (depending on data as 
in Setup III). An object in Sm is a (possibly empty or disconnected) tree T with labels and 
decorations as in Dehnition 2.3, along with a set s = s(T) G {{0}, {!}, (0,1)}. 

A morphism T —)■ T' in Sm is dehned as in Dehnition 2.3, with the requirement that 

s(T) c ipy, 

A concatenation in Sm can have the following three types. The hrst type consists of 
trees Tj G Sj^ U Sjf° U Sf with the usual matching data, producing an object G Sm 
with s(#jTi) = {0}. The second type consists of trees Tj G Sj^ U Sjf^ U Sf with matching 
data, producing an object G Sm with s{^iTi) = {!}. The third type consists of trees 
Ti G Sj*" USm USf (exactly one of which lies in Sm) with matching data, producing an object 
G Sm (where 5{^iTi) = s(Tj) for the unique Tj G Sm). A composition of concatenations 
is dehned as before. 

Call an object T G Sm maximal ih the only morphism out of T is the identity map (i.e. ih 
every component of T has exactly one vertex and s(T) = [0,1]). Every object T G Sm has a 
unique morphism to a maximal object, which is unique up to unqiue isomorphism. Note the 
following key fact: an object T G Sm is maximal ih it cannot be expressed nontrivially as a 
concatenation (the “trivial” concatenation means one of the last type, using only T G Sm). 

Definition 2.5 (Category of strata Siv). We dehne a category Sjy (depending on data as in 
Setup IV). An object in Sjv is a (possibly empty or disconnected) tree T with the following 
labels and decorations. Each edge shall be labeled with a symbol *(e) G {0,1, 2}, such that 
input edges are labeled with 0 and output edges are labeled with 2. Each vertex shall be 
labeled with a pair of symbols *^(r’) G {0,1,2} such that *’''(n) < *~{v) and *(e^(n)) = 
*^(n). There shall also be decorations 7e G CP(V**^®^) and (3^ G LI {le-{v)}) as 

before. Finally, we specify a set s = s(T) G {{0}, {c)o}, (0, oo)} and we require that if 5 G 
{{0}, (0, oo)} then *{v) G (00, 02, 22} for all v, and if s = {oo} then *{v) G {00, 01,11,12, 22} 
for all V. 

A morphism T —)■ T' in Sjy is dehned as in Dehnition 2.3, with the requirement that 

^(T) c ipy, 

A concatenation in Siv can have the following three types. The hrst type consists of trees 
Tj G §1 U U §j with matching data, producing an object j^iTi G §iv with s(#jTj) = {0}. 
The second type consists of trees Tj G Sj U U §} U U Sj with matching data, producing 
an object G §iv with s(#jTj) = {oo}. The third type consists of trees Tj G Sj U Sjy U Sj 
(exactly one of which lies in Sjv) with matching data, producing an object G Sjv 

(where s(#jTj) = s(Tj) for the unique Tj G Siv). A composition of concatenations is dehned 
as before. 

Call an object T G Sjv maximal ih the only morphism out of T is the identity map (i.e. ih 
every component of T has exactly one vertex and s(T) = [0, oo]). Every object T G Siv has a 
unique morphism to a maximal object, which is unique up to unqiue isomorphism. Note the 
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following key fact: an object T G Siv is maximal iff it cannot be expressed nontrivially as a 
concatenation (the “trivial” concatenation means one of the last type, using only T G Siv)- 

Definition 2.6 (Slice categories). For * G {I, II, III, IV}, denote by (S*)/t the “over¬ 
category” whose objects are morphisms T' —)■ T. Similarly dehne the “under-category” (S*)^/ 
(objects are morphisms T —)■ T') and (S*)r//T' (objects are factorizations T —)■ T" —)■ T' of a 
hxed morphism T —)■ T'). Both (S*)t/ and {§*)t//t' are posets (i.e. have the property that 
for all {x,y) there is at most one morphism x ^ y), however (S*)/^ is essentially never a 
poset, due to vertices with no outgoing edges (though the set of isomorphism classes |(S*) /t\ 
is a poset). 

Definition 2.7 (Automorphism groups). Given a map T' —)■ T, denote by Aut(TYT) the 
subgroup of Aut(T') compatible with the map T' ^ T (i.e. the automorphism group of 
(T' —)■ T) G (S*)/t)- Given a concatenation {Tj}*, denote by Aut({Tj}i/#j^i) the group 
of automorphisms of {Tj}i acting trivially on (i.e. the product over junction 

edges, acting diagonally). 

2.2 Moduli spaces Mi, Mu, Mm, Miv 

We now dehne the compactihed moduli spaces of pseudo-holomorphic curves Mi, Mu, Mm, 
Miv relevant for contact homology. We hrst dehne the open strata M*(T) for each T G S*, 
and then we dehne the compactihed moduli spaces M*(T) as unions of open strata M*(T') 
for T' —)• T. We also review the dehnition of the Gromov topology on these moduli spaces, 
and we recall the fundamental compactness results of [BEHWZOS]. 

Equip M X 5^ with coordinates (s, t) and with the standard almost complex structure 
i{ds) = dt, i.e. 2 ; = 

Definition 2.8. Fix (Y, A, J) as in Setup I, and let u : [0, 00 ) x ^ V be a smooth map. 
We say that u is positively asymptotic to a Reeb orbit 7 G IP ih: 

u{s,t) = {Ls+ b,^{t)) + o{l) (2.1) 

as s ^ 00 , for some 6 G M and some 7 : —)■ V with dt^ = L ■ R\{^) parameterizing 7 . 
Similarly, we say that u : (— 00 , 0] x — )• V is negatively asymptotic to 7 ih it satishes (2.1) 
as s ^ — 00 . 

It is straightforward to check that for any map 0 : [0, 00 ) x —)■ [0, 00 ) x sending 

CX 3 to 00 which is a biholomorphism onto its image, u and u o (p have the same asymptotics 

(by noting that (p : \ 0 —)■ \ 0 extends holomorphically to (p : —)■ D^). Thus for 

any Riemann surface C and p G G, it makes sense to say that m : G \ p —)■ V is positively 

or negative asymptotic to 7 G CP at p. Moreover, if m : G \ p —)■ V is asymptotic to 7 G CP, 

then it induces a well-dehned constant speed parameterization of 7 denoted Up : SpC —)■ V, 
where SpC := {TpC \ 0)/M>o is the tangent sphere at p, which is a f/(l)-torsor due to the 
complex structure on G. 

The notion of being asymptotic to a Reeb orbit generalizes immediately to maps to any 
X from Setups II, III, IV, by virtue of the markings (1.9)-(1.10). 

If u is J-hoIomorphic, then the property of being positively or negatively asymptotic to 
a Reeb orbit implies that the error o(l) in (2.1) is 0(e“'^l®l) in all derivatives as |s| —)■ cx 3 , for 
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Figure 6: A stable pseudo-holomorphic building and the corresponding tree. 


any 6 < S^, where > 0 denotes the least positive eigenvalue of the linearized operator of 7 
(see Dehnition 2.16). In particular, it implies the finite Hofer energy condition [BEHWZ03, 
§5.3, §6.1]. 

Definition 2.9 (Moduli space Mi(T)). A pseudo-holomorphic building of type T G Si con¬ 
sists of the following data (see Figure 6 ): 

i. For every vertex v, a closed, connected, nodal Riemann surface of genus zero along 
with distinct points {pv,e G Cv}e indexed by the edges e incident at v. 

ii. For every vertex v, a smooth map : Cy\ {pv,e}e —t Y. 

iii. We require that Uy be positively asymptotic to 7 e+(„) at Pv,e+{v), negatively asymptotic 
fo Je-iv) at Pv,e-{v), and in the homotopy class fiy. 

iv. For every input/output edge e, an “asymptotic marker” be G which is mapped 

to the basepoint Pe G ■je by 

V. For every interior edge v v', a “matching isomorphism” irie ■ Sp^^^Cy — )■ Sp^, 
intertwining and («,;')?„/,e- 

vi. We require that u,) be J-holomorphic, i.e. {du)^j^ = 0. 

An isomorphism {{C^}, {p^^e}, {uv}, {be}, {me}) {{C{}, {p'y^e}, {K}Ab}}, {m'e}) between 

pseudo-holomorphic buildings of type T consists of isomorphisms {i^ ■. ^ C'fi} and real 

numbers G M} such that o u} o i^ {js Y —^Y denotes translation by s), 

iv{pv,e) = v'vei *(^e) = and i^i o me = m} o i^. A pseudo-holomorphic building is called 
stable iff its automorphism group is hnite. We denote by Mi(T) the set of isomorphism 
classes of stable pseudo-holomorphic buildings of type T. 


Definition 2.10 (Moduli space Mii(T)). A pseudo-holomorphic building of type T G Sn 
consists of the following data: 

i. Same as Dehnition 2.9(i). 

ii. For every vertex v, a smooth map : Cy\ {pv,e}e —^ 

iii. Same as Dehnition 2.9(iii). 

iv. Same as Dehnition 2.9(iv). 

V. Same as Dehnition 2.9(v). 
vi. Same as Dehnition 2.9(vi). 
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An isomorphism between pseudo-holomorphic buildings of type T is defined as in Definition 
2.9, except that there is a translation G M only if n is a symplectization vertex. We denote 
by Mn(T) the set of isomorphism classes of stable pseudo-holomorphic buildings of type T. 

Definition 2.11 (Moduli space Miii(T)). For T e Sni, denote by Miii(T) the union over 
t G s(T) of the set of isomorphism classes of stable pseudo-holomorphic buildings of type T 
(as in Dehnition 2.10) in (X*, J^). 

Definition 2.12 (Moduli space Miv(T)). For T G Siv, denote by Miv(T) the union over 
t G s(T) of the set of isomorphism classes of stable pseudo-holomorphic buildings of type T 
(as in Dehnition 2.10) in (X°^, J°^). 

Definition 2.13 (Moduli spaces Mi, Mu, Mm, Miv). For * G {I, II, III, IV}, we dehne: 

M^T) := y M*(T')/Aut(T7T) (2.2) 

T'^T 

The union is over the poset |(S*)/r|. 

Each of these sets Mj, Mn, Mm, Miv is equipped with a natural Gromov topology. For 
completeness’ sake, let us recall the dehnition (see also [BEIIWZ03, Appendix B]). To dehne 
a topology, it suffices to specify a neighborhood base' at every point. A neighborhood base 
for the Gromov topology at a given pseudo-holomorphic building (i.e. point in the moduli 
space) may be described by ( 1 ) arbitrarily adding marked points to stabilize the domain, 
(2) taking a G^-neighborhood, and (3) forgetting the added marked points. The Gromov 
topology is Hausdorh, the essential point being that we only consider stable buildings. 

Let us now summarize the compactness properties of these spaces Mj, Mn, Mm, Mjv 
as proved in [BEHWZ03]. For any pseudo-holomorphic building, there is a notion of Hofer 
energy. In broad generality, the moduli space of pseudo-holomorphic buildings with Hofer 
energy bounded by any hxed constant is compact [BEHWZ03, Theorems 10.1, 10.2, 10.3]. 
Now the Hofer energy can also be bounded in terms of the homology class and input/output 
asymptotics of the building [BEHWZ03, Proposition 5.13, 6.3], which lead to the following 
results. Each space M* is compact. Moreover, there are only hnitely many non-empty moduli 
spaces M* for a given hxed 7 ^ (or { 7 ^}) if the cobordism is exact. 

For a morphism T' —)■ T, there is a natural inclusion: 

M7T')/Aut(T7 T)-gM^T) (2.3) 

so M* is a functor from S* to the category of compact Hausdorff spaces. 

For a concatenation {Tj}j, there is an induced homeomorphism: 

J]M7T,) / Aut({T77#,T,) ^ (2.4) 


neighborhood of a point a; in a topological space is a (not necessarily open) subset N C X such 
that X G N° (the interior of N). A neighborhood base at a point a: G X is a collection of neighborhoods 
{Xq,}q, of X such that for every open U C X containing x, there exists some Na C [7. A neighborhood base 
is necessarily non-empty and filtered., i.e. for all a,d, there exists 7 with AT^ C H Np. Conversely, given 
a set X and for every x € X a non-empty filtered collection of subsets {X^}q each containing x, there is a 
unique topology on X such that is a neighborhood base at x for all x € X. 
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Definition 2.14 (Stratification). A stratification of a topological space X by a poset S 
(usually taken to be finite) is a continuous map X —)■ S, where S is endowed with the poset 
topology, i.e. in which A C S is open iff a G A S-“ C A. 

Definition 2.15 (Stratifications of moduli spaces). By definition, there is a tautological 
stratification: 


M*(T) —>■ |(S*)/r| (2-5) 

As remarked above, each space M*(T) has only finitely many non-empty strata. The fact 
that (2.5) is a stratification in the sense of Definition 2.14 follows directly from the definition 
of the Gromov topology. 

2.3 Linearized operators 

We now recall the relevant linearized operators associated to the pseudo-holomorphic curves 
that we consider. 

Definition 2.16 (Linearized operator of Reeb orbits). Let 7 G T and choose a parameter¬ 
ization 7 : —)■ y. Consider the (unbounded self-adjoint) operator —)■ 

given by J^r^. The operator has only discrete spectrum, and 0 ^ o'iDy) 
is equivalent to the non-degeneracy of 7 . Denote by <5^ > 0 the smallest magnitude of an 
element of 

Definition 2.17 (Choices of metric and connection). Let (X, J) be as in Setup I or 11. For 
the purposes of defining function spaces, stating estimates, expressing linearized operators, 
etc. involving (X, J), we use a Riemannian metric on X which is M-invariant in the ends, 
and we use a J-linear® connection on TX which in any end X —)■ X is pulled back from a 
connection on TX|y = TY 0 M. Different choices of metric and connection will always result 
in uniformly commensurable norms, so the particular choice is not important. 

Let C be a compact Riemann surface, and let {pe}e be a collection of distinct points in 
C. For the purposes of defining function spaces, stating estimates, etc. involving C, we use 
a choice of holomorphic cylindrical ends: 

[0, cxo) X 5^ —)■ C \ Pe (2.6) 

near each pe- We equip C with a Riemannian metric which equals -|- dt^ near pe, and 
we equip TC with a j-linear connection for which dg is parallel near pg. As before, different 
choices of this data will result in uniformly commensurable norms and estimates, so the 
particular choice is not important. 

Definition 2.18 (Weighted Sobolev spaces We recall the weighted Sobolev spaces: 

(2.7) 

u*TXj ®c C^^) (2.8) 

SMeaning JYxY = VxJY, i.e. VJ = 0. 
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where u : C \ {pe}e —^ is a smooth map which in a neighborhood of each puncture Pe 
is J-holomorphic and asymptotic to a Reeb orbit 7e G These spaces are defined for 
integers k > 0 and admissible real numbers S, meaning that 6 < min((5^, 1) (minimum over 
all asymptotic orbits 7e). 

The lT^’^’'^-norm is dehned as follows. Away from {pe}e, we use the usual hT*^’^-norm, 
and near a given p^, the contribution to the norm squared is given by: 

„ k 

/ (2.9) 

J[0,Oo)xS^ j = Q 

Equivalently up to uniform commensurability, one can set 11/11^2(5 11/^‘/life 2 some 

smooth function p which equals 1 away from the ends and which equals in any end. 
The iy^’^’‘^-norm is independent up to uniform commensurability of the choices involved in 
its dehnition, due to the decay of (2.1) and admissibility of 8. 

Definition 2.19. Let denote the moduli space of compact genus g nodal Riemann 

surfaces with n + m marked points and trivializations C ^ Tp.C at the last m marked points. 
Clearly there is a natural forgetful map Jv[g^n+m,^ 2 ) '^ 9 ,n+m which is a principal GLi(C)”^- 
bundle. In particular, Mg^n+nn 2 ) ^ complex orbifold (and a complex manifold for = 0). 

Definition 2.20 (Weighted Sobolev spaces We dehne a weighted Sobolev space: 

Wk,2,6^^^^*TX) ( 2 . 10 ) 

Roughly speaking, equals plus the space of variations in the almost complex 

structure on C . 

If 2#{pe} — 3 < 0, then we set: 

W^,2,s^C,u*TX) := W’^’^’\C,u*TX) / ker (aut(C', {pe}e) ^ 0flt(Tp,C')) (2.11) 

e 

Here ker (aut(C', {pe}e) —^ 0e0K^Pe^)) denotes the Lie algebra of the group of automor¬ 
phisms of C which fix each pe and act as the identity on each Tp^C] this Lie algebra of vector 
helds on C maps into 1T^’^’^(C', m*TX) by differentiating u (since 8 is admissible). 

If 2#{pe} — 3 > 0, then we set: 

u*TX) := u*TX) © V (2.12) 

where V C C^(C \ {pe}e, End°’^(TC')) (i.e. the space of infinitesimal deformations of the 
almost complex structure on C supported away from {pe}e) is a subspace projecting isomor- 
phically onto the tangent space to Mo,o+({pe}e)( 2 ) Every other such subspace V' may 

be obtained as the image of u i-G- u + d8x{v)j for some unique X ■. V ^ C'°°(C, TC) with 
X = 0 and dX = 0 at Pe, and the two resulting spaces (2.12) are canonically isomorphic via 

(Cw) ^ i^ + X{v)u,v + Lx{v)j)- 
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Definition 2.21 (Linearized operators). Let m : C* —?• X be as in Definition 2.18. There is 
a linearized operator: 

\ {Pe}, U*TX) © 1/ ^ \ {p©c (2.13) 

expressing the first order change in as u and j vary. Here V C C^(C\{pe}, End'’’^(TC')) 

is as in Definition 2.20, and C denotes the normalization of C, i.e. the unique smooth com¬ 
pact Riemann surface equipped with a map C* —)■ C which identifies points in pairs to form 
the nodes of C. This linearized operator is Fredholm (see, e.g. Lockhart-McOwen [LM85]). 

The operator (2.13) depends on a choice of j-linear connection as in Definition 2.17. If 
u is everywhere J-holomorphic, then the linearized operator is independent of the choice of 
J-linear connection and descends to . 

Definition 2.22 (Linearized operators). Given a pseudo-holomorphic building of type T, 
we have defined a linearized operator: 

0 0 (2.14) 

v&V(T) veV{T) 

A point in a moduli space M* is called regular iff the linearized operator (2.14) of the 
corresponding pseudo-holomorphic building is surjective (it follows from elliptic regularity 
theory that this condition is independent of k and S). A moduli space M* is called regular 
iff all of its points are regular. 

Remark 2.23. For * G {III, IV}, there is a less restrictive notion of regularity, where we also 
allow variations in f G s(T) (note that this does not include variations in t if s{T) = {0}, for 
example). In the statements of Theorems III, IV, we mean regularity in this less restrictive 
sense. However, for the rest of the paper, regularity shall mean regularity in the sense of 
Definition 2.22 above. 

Lemma 2.24. Fix a Reeb orbit 7 and consider the trivial cylinder (id x 7 ) : G = M x —)■ 
M X V. The associated linearized operator is an isomorphism (and in particular is surjective). 

Proof. The linearized operator D may be decomposed into the tangential and normal de¬ 
formation operators Dt and D^. Precisely, there is a diagram whose rows are short exact 
sequences: 


IV^’2’^(G, TC) 

D'jp 


YTY ®Rds) 


D 


Wk-i, 2 ,s^C, TC ©c ^c) ^ {YTY © Rds) ©c ^c) -> 7*^ ©c ) 


D. (2.15) 
>0,u 


Note that the domain of Dt includes variations in complex structure on G, while the domain 
of Dtv does not. It suffices to show that both Dt and D^i are isomorphisms. 

The complex ®c calculates i^•(P^Tpi(-2[0] - 

2[cx3])), which is concentrated in degree one. By definition is direct sum a 

space which maps isomorphically to Jf^(P^,Tpi(—2[0] — 2[cx)])) = Jpi,{o,oo}Vto,o+2(2) • Thus 
Dt is an isomorphism. 

The operator rnay be expressed as dg + JVj where Vj := is the connection on 
7 *.^. It is an isomorphism since 6 is admissible. □ 
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2.4 Index of moduli spaces 

We now define a notion of index and codimension for objects of §i, Sn, Sm, Siv- 

Definition 2.25 (Index jx{T)). We define /i(T) to be the Fredholm index of (2.14) (for 
non-nodal Cy). Note that (2.14) makes sense for any {uy}^ which approach trivial cylinders 
sufficiently rapidly and varies nicely in families of such hence n{T) is well-dehned. 

Standard arguments allow one to express n{T) in terms of the Conley-Zehnder indices of 
the Reeb orbits 7 e+ and { 7 e-} and the homology class of (3 (see [EGHOO, Proposition 1.7.1] 
or [BM04, Proposition 4]): 

^(T) = [CZ(7+) + n - 3] - Xi|CZ(7.-) + " “ 3] (2-16) 

i 

(where CZ is the Conley-Zehnder index relative to the homology class of /3). We thus dehne 
|7| := CZ( 7 ) + n - 3 e Z/2ci(0 ' ^ 2 (R). 

The index satishes fi{T) = for any morphism T ^ T' (this is evident from the 

formula in terms of Conley-Zehnder indices), and is additive under concatenations, that is 
/r(#iTi) = (trivial by dehnition). 

Definition 2.26 (Codimension codim(T)). We dehne: 

codim(T) := #W(T) - dims(T) (2.17) 

(recall that W(T) C V{T) denotes the symplectization vertices, i.e. those v for which =t:’''(n) = 

For a morphism T —)■ T', let codim(T /T') := codim T—codim T'. Note that codim(T /T') > 
0, with equality iff the map is an isomorphism. Also note that codim(T/T') > 1 iff the map 
T ^ T' factors nontrivially. 

Definition 2.27 (Virtual dimension vdim(T)). We dehne: 

vdim(r) := /i(T) - #V,(T) + dims(T) 

= /i(T) — codimT (2.18) 

(this is the “expected dimension” of M*(T)). 

2.5 Orientations of moduli spaces 

We now review the theory of orientations in contact homology. The general analytic meth¬ 
ods used to orient moduli spaces of pseudo-holomorphic curves were introduced by Floer- 
Hofer [FI193] (see also Bourgeois-Mohnke [BM04]). The resulting algebraic structure rele¬ 
vant for contact homology was worked out by Eliashberg-Civental-Hofer [ECHOO] (see also 
Bourgeois-Mohnke [BM04]). 

For every Reeb orbit 7 with basepoint p (resp. object T G Si, Sn, Sm, Siv), we will dehne 
an orientation line (resp. 0 ^). We shall see that the virtual orientation sheaf of M*(T) is 
canonically isomorphic to: 

Ot := 0 ^ 0 0 Os(T) (2.19) 

Recall that an orientation line means a Z/2-graded free Z-module of rank one. 
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Definition 2.28. For a Fredholm map A : E ^ F, we denote by [A] the virtual vector 
space kerA — cohered. By o(id) = Oy we mean the orientation line® of the vector space V, 
i.e. V \ 0), and for a virtual vector space we set o(y — V) := Oy ® o^,. 

Definition 2.29 (Orientation lines O-y^p of Reeb orbits). Let 7 G fP = fP(R, A), and fix a 
constant speed parameterization 7 : —)■ R of 7 (equivalently, fix a basepoint p = 7 ( 0 ) G 7 ). 
We consider the bundle V := © C over [0, 00 ) x C C. The bundle V is equipped 

with a connection, namely the connection on induced by the Lie derivative plus the 
trivial connection on C. Now extend the pair (V, d) to all of C, and define: 

Oy^p := o([W^’2’^(C, V) ^ R ^^c')]) (2.20) 

Now Oy^p is independent of the choice of extension of (V, 8) up to unique isomorphism, 
as can be seen as follows. The space of extensions of (V, 8) is homotopy equivalent to 
Maps(S'^, i?f/(n)) (noting that 7ii{BU{n)) = 7iQ{U{n)) = 0 so R is trivial over S^) and 
71 i Maps{S'^,BU{n)) = 7ii+2{BU{n)) = 7 rj+i(f/(n)); in particular tto = Z and tti = 0. By 
simple connectivity, the line Oy^p depends at most on the choice of connected component 
of Maps{S^, BU{n)) (classified by relative Chern class). To identify (canonically) the Oy^p 
from different Chern classes, argue as follows. Fix z G C and let V{—z) denote the complex 
vector bundle whose smooth sections are those smooth sections / of R satisfying f{z) = 0 and 
8f{z) = 0 (i.e. whose (0, l)-jet at z vanishes). Now V{—z) naturally inherits the ^-operator 
from R, and there is a diagram with exact rows: 

0-> V{-z)) -> 1R^’2,5(c, R) -> y/iV) -^ 0 

( 2 . 21 ) 

■ 4 ^ y y 

0 ^ V{-z) ®c f2°’^) ^ V ®c ^ ® ^ 0 

Applying the snake lemma yields the desired identification, since the rightmost vertical map 
is surjective with kernel R, which as a complex vector space is canonically oriented (and the 
resulting identification is independent of ^ G C by a homotopy argument). 

Any rotation 0 : 5^ —)■ with 700 = 7 ' (equivalently, any path between basepoints 

p —)■ p' in the sense of Definition 2.2) gives rise to an isomorphism Oy^p —)■ Oy^p/ (by functoriality 
of the construction of 0 .^ ^). 

Definition 2.30 (Parity of Reeb orbits). The parity I 7 I G Z/2 of 7 G T is the parity of o.y. By 
(2.16) we have I 7 I = CZ( 7 ) + n — 3; this can also be expressed as I 7 I = sign(det(/ — Ay)) G 
{±1} = Z/2 where Ay denotes the linearized return map of 7 acting on ^p (using the 
general property of the Conley-Zehnder index (—l)‘^^('^d = (—1)"“^ sign(det(/ — Ti)) for 
Tt G Sp 2 „_ 2 (lP)). It thus follows that: 

| 7 | = #(cr(A,)n( 0 ,l))GZ /2 ( 2 . 22 ) 

®One should be careful to distinguish the orientation line Oy from the determinant line det V := 

There is no functorial isomorphism Oy K. = det F, though of course Oy = Odet v. 
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where a(-) denotes the spectrum (recall that the spectrum of any matrix A G Sp2„(M) lies in 
U {z G C : 1^1 = 1} and that 1 ^ is equivalent to the non-degeneracy of 7). Note 

that by dehnition 7 is non-degenerate iff 1 ^ a (Ay). It follows that the index of the fc-fold 
multiple cover jk of 7 is given by: 


\lk\ — I7I + (k + l)if(a(Ay) n (—1, 0)) G Z/2 


(2.23) 


Definition 2.31 (Good and bad Reeb orbits). There is an action of T^ldy on Oy^p by functo- 
riality, which just amounts to a homomorphism 'Ll dy —)■ {±1} (independent of p since Ljdy 
is abelian). The orbit 7 is called good iff this homomorphism is trivial (and bad otherwise). 
For good 7, we thus have an orientation line independent of p up to unique isomorphism. 

The bad Reeb orbits are precisely the even multiple covers 'j 2 k of simple orbits 7 with 
il(a(Ay) n (—1,0)) odd by [EGHOO, Lemma 1.8.8, Remark 1.9.2]. To see this, it suffices to 
show that a generator of the L/k action on acts by |7fc| — |7|. This can be proven by 
pulling back the operator from (2.20) under z and analyzing the representations of 

L/k occurring in the kernel and cokernel (see [BM04, Proof of Theorem 3]). 

Definition 2.32 (Orientation lines of trees). For any T G Si, Sn, Sm, Siv, we dehne the 
orientation line 0^ to be the orientation line of (2.14) (for non-nodal Cy). Note that (2.14) 
makes sense for any which approach trivial cylinders sufficiently rapidly, and varies 

nicely in families of such Note also that the space of “abstract” Gauchy-Riemann 

operators with hxed asymptotics and hxed relative Ghern class is simply connected since 
112 ( 11 (n)) = 0 (as in Dehnition 2.29), so 0^ is well-dehned. Note also that we may use 
in place of in this dehnition, since their “diherence” is a complex vector space and 

thus is canonically oriented. 

For any morphism T —)■ T', there is a canonical isomorphism 0^ —)■ 0^,, dehned by 
the “kernel gluing” operation introduced in Floer-Hofer [FH93] (see also Bourgeois-Mohnke 
[BM04]). This makes into a functor from Sj to the category of orientation lines and 
isomorphisms. Note that gluing the linearized operators with domain results in an 

index increase of two, gluing the linearized operators with domain preserves the index, 

and gluing the linearized operators with domain pj^g clecay to constants in the ends 

results in an index decrease of two (the kernel gluing operation can be done in any of these 
contexts; Bourgeois-Mohnke choose the last). 

For any concatenation {Tj}, there is a tautological identihcation o^.p, = 0^,. 

The Floer-Hofer kernel gluing operation also lets us glue the operators (2.20) for {7e-} to 
the operator for T, producing an operator (2.20) for 7g+. This gives a canonical isomorphism; 



(2.24) 


Moreover, these identihcations are compatible with the identihcations 0^, due 

to the associativity of the gluing map. Note that this argument relies on the fact that the 
topology of the curves in question is particularly simple; to prove the analogous result in 
the SFT setting requires another step (observing that one can make the operator C-linear 
in ends; see Bourgeois-Mohnke [BM04, Proposition 8]). The parity of 0^ equals fi(T) by 
dehnition. 
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For any T G Si, Sn, Sm, Siv, the orientation line: 


0 o,(r) 


(2.25) 


plays an important role (here o^i^t) denotes the global sections of the orientation sheaf of s 
considered as a real manifold). Its parity is clearly — codimT. For any morphism T' —)• T 
of codimension one, there is a canonical odd “bonndary” map: 


0 Os(T) ^ 0 Os{T') 

For any concatenation {Tj}, there is a tantological identideation: 






(2.26) 


(2.27) 


We shall see that the virtnal orientation sheaf of M*(T) is canonically isomorphic to: 

Oy ;=o° 0(O^)®^'’(^)0O,(T) (2.28) 


Note that the parity of Or eqnals vdim(T). 

2.6 Local models Gi, Gp, Gm, Giv 

We now dehne spaces Gi, Gn, Gm, Giv which will serve as local models for the regnlar loci 
in the modnli spaces Mi, Mu, Mm, Miv (and their “thickenings”, to be introdneed in §3). 
The space (G*)r/ for T G S* shonld be thonght of as the space of possible glning parameters 
for a psendo-holomorphic bnilding of type T. 

Definition 2.33 (Cell-like stratiheation [Parl5, Dehnition 6.1.2]). Let {X,dX) be a topo¬ 
logical manifold with bonndary with stratification by (S, dS), along with an order preserving 
fnnetion dim : S — )■ Z. We say this stratiheation is cell-like iff {X-^,X^^) is a topological 
manifold with bonndary of dimension dims for all s G S. 

For stratiheations by the poset (S*)r/, we take the dimension fnnetion to be: 

(T ^ T') ^ #K(T) - #K(T') + dims(T') = codim(T/T') + dims(T) (2.29) 

Remark 2.34. The spaces G* considered here are “manifolds with generalized corners” as 
introdneed by Joyce [Joyl5a] (see also Kottke-Melrose [KM15] and Gillam-Molcho [GM15]). 
This is most apparent after the change of variables h = e~^. 

Definition 2.35 (Space Gi). Let T G Si. We dehne: 

(Gi)r/:=(0,cx)]'^“(^) (2.30) 

There is a natnral stratiheation (Gi)t/ — >■ (Si)t/, sending g = {ge}e to the map T ^ T' 
which contracts those edges e G E™^{T) for which ge < oo. 

Denote by 0 G (Gi)t/ the point corresponding to all glning parameters eqnal to oo (i.e. 
corresponding to no glning at all). 
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Lemma 2.36. The stratification {Gi)t/ (Si)r/ is cell-like. 
Proof. By inspection. 

Definition 2.37 (Space Gn). Let T G Sm We define: 


□ 


(Gii)t/ ^ (0, CXD]® X (0, Cxo] 

Qv = he + Qv' for V v' and v G Voo(T)| (2.31) 

We interpret (7^/ = Oifn' ^ Voo{T). Herei4j(T) C i/(T) is the snbset of n with (*+(n), *“(n)) = 
(hi)- 

There is a natnral stratification {Gii)t/ —t (Sii)t/, sending g = {{ge}e, {gv}v) to the map 
T ^ T' which contracts those edges e for which g^ < oo, and changes *{v) = 00 to *(n) =01 
for those vertices v with gy < oo. 

Denote by 0 G (Gii)r/ the point corresponding to all glning parameters eqnal to oo (i.e. 
corresponding to no glning at all). 

Lemma 2.38. The stratification {Gii)t/ — t (Sii)t/ is cell-like. 

Proof. Denote by {Gii)t//t' the inverse image of (Sii)T//r' ^ (Sii)t/- Now observe that for 
any f : T ^ T', we have: 

(Gii)r//T'= )/-!(«')/X n (f^n)/-i(i;')/X (Gf)j-i(^/)/ (2.32) 

*(«')=00 *( t ,')=01 = 

(Sii)r//T'= i^Df-pv)/X (Sii)/-i(i;')/X (Si )/-!(«')/ (2.33) 

compatibly with stratifications. Note that a prodnct of cell-like stratifications is cell-like. 
Thns by induction (say, on the number of vertices of T), it suffices to show that (Gn)T/ is a 
topological manifold with boundary, whose interior coincides with the top stratum. 

To show that (Gn)T/ is a topological manifold with boundary, we do a change of variables 
h = e~^ G [0,1). For convenience, we will allow h G [0, oo) (this relaxation is certainly 

permitted for the present purpose). The relation gv = Qe + Qv' now becomes hy = hehy/. 

Under this relation hy = hehyi, observe that hy G [0, oo) and hf — hy, G (—oo, oo) determine 
he G [0, oo) and hy/ G [0, oo) uniquely, since: 

{he -|- ihy/')^ = (hg — h^/) -1- ‘lihy (2.34) 

Thus if we perform another change of variables qe = — h^, for v v', then we have: 

(hytop G [0, oo) if =t:(n*°P) = 00 

{Gii)t/ = < ge £ (—oo, oo) for v v' with *{v') = 00 > (2.35) 

G [0, oo) for *(e) = 1 J 

This is clearly a topological manifold with boundary of dimension codim T. Furthermore, 
the top stratum is the locus where hytop > 0 and he > 0, which is clearly its interior. 

Though not logically necessary due to the inductive reasoning above, let us remark that 
one can also express the stratification of (Gn)r/ by (Sii)r/ concretely in terms of the coor¬ 
dinates (2.35) and thereby verify explicitly that it is cell-like. □ 
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Definition 2.39 (Space Gm). Let T G Sm. Let: 


(Glll)r/ := \{{ge}e,{9v}v) e (0, X (0, 

r[0,l) 5(T) = {0} 

9v = ge + 9v' for A fo and v e Voo(A} x < (0,1) s{T) = (0,1) (2.36) 

[(0,1] AA = {1} 

(the first factor is identical to (2.31)). 

There is a natural stratification (Giii)t/ — t (Siii)t/, sending g = {{ge}e, {gv}v,t) to the 
map T ^ T' which contracts those edges e for which ge < oo, changes =t:(r’) = 00 to =t:(n) = 01 
for those vertices v with g.^ < oo, and has t G s(T'). 

Lemma 2.40. The stratification (Giii)r/ (Siii)t/ is cell-like. 

Proof. Express the underlying tree T as the disjoint union of Tj G Sn, so we have: 


(Giii)t/ - 


lljTi/ 


X 




(Siii)r/ — 


iim/ 


X 


iG/ 


[0,1) 

^{T) = 

{0} 



(0,1) 

o[T) = 

(0,1) 


(2.37) 

.(0,1] 

s(T) = 

{1} 



{{0}< 

(0,1)} 

b{T)- 

= {0} 


{(0,1)} 


5{T)- 

= (0,1) 

(2.38) 

{(0,1)>{1}} 

5(T) = 

= {1} 



Now apply Lemma 2.38 and note that the product of two cell-like stratifications is again 
cell-like. □ 

Definition 2.41 (Space Giv). Let T G Siv- For s(T) G {{0}, (0, C)o)}, we define: 

(Giv)t/ := \{{ge}e,{9v}v) £ (0, X (0,CX)]^'’°(^) 

9v = ge + gv' for v A n' and n G fooo(T)| x | (2.39) 

J [(0, cx)) 5(T) = (0,cx) 

(the first factor is identical to (2.31)); for s(T) = {cxd} we define: 

(Giv)t/ := [{{9e}e,{gv}v,t) G (0, X (0, cx)] X (0, CX)] 

gv = ge + gv' for v A v', *(e) = O, *(n) = 00'! 

9v = QeP Qv' for V A fo, *(e) = 1, *(n) = H ^ (2-40) 

t = 9e + gv' for V A v', *(e) = 1, *{v) = 01J 


We interpret g^i = 0 if it is undefined. 

There is a natural stratification (Giv)t/ (Siv)t/, sending g = {{ge}, {gv},t) to the 
map T ^ T' which contracts those edges e for which g^. < oo, increments *“(n) for those 
vertices v with g.^ < oo, and has t G s(T'). 
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Lemma 2.42. The stratification (Giv)t/ (Siv)r/ is cell-like. 

Proof. For s 7^ {00}, this is just Lemma 2.40. 

For s = {00}, argue as follows. For any given / : T —)■ T', we may express (Giv)T//r' —t 
(Siv)T//r' as in (2.32)“(2.33), by expressing T' as a concatenation of maximal trees. Thus 
by induction, it suffices to show that (Giv)t/ is a topological manifold with boundary whose 
interior is the stratum corresponding to the maximal contraction of T. To see this, we do 
the same change of variables as in Lemma 2.38 to write: 


(Giv)t/ 


hytop G [0, CX)) 

qe e (-00, CX)) 
< r G [ 0 , CX)) 
qe e (-CX), CX)) 

>e e [ 0 ,00) 


if *(vt°P) = 00 

for V v' with *(n') = 00 

for V v' with =t:(n') = 11 
for *(e) = 2 


(2.41) 


This is clearly a topological manifold of dimension codim T + 1, and its maximal stratum is 
the locus where r > 0, hytop > 0, and he > 0, which is clearly its interior. □ 


3 Implicit atlases 

In this section, we define (topological) implicit atlases with boundary and cell-like stratifica¬ 
tion (in the sense of [Paris, §§3,6]) on the moduli spaces Mi, Mn, Mm, Miv stratified by Si, 
Sii, Sill, Siv- The construction of implicit atlases we give here follows the general procedure 
introduced in [Paris, §§1-2,9-10]. The basic point is to define appropriate thickened moduli 
spaces and to check that their regular loci cover the original moduli spaces. 

3.1 Sets of thickening datums Ai, An, Am, Am 

We first define sets of thickening datums Ai, An, Am, Am for the implicit atlases on Mi, Mu, 
Mm, Miv- Roughly speaking, a thickening datum a is a collection of data {ra, Da, Ea, Xa) 
from which we will construct a “thickened” version of a given moduli space by: (1) adding 
ra marked points to the domain (constrainted to he on the divisor Da), (2) adding an extra 
parameter Cq, lying in the vector space Ea, and (3) adding an extra term Xa{ea) (which 
depends on the location of the Tq, added points and the positive/negative ends S = E^{T) 
in the domain) to the pseudo-holomorphic curve equation. 

Recall that Mo,n (n > 3) denotes the Deligne-Mumford moduli space of stable nodal 
Riemann surfaces of genus zero with n marked points labeled with {1,... ,n}. We denote 
by Co,n —t Mo,n the universal family. Recall that Mo,n is a compact smooth manifold. We 
usually prefer to label the marked points using a set other than {1 ,... ,n}, so we will also 
use the notation Mo,n and Co,n when n is a finite set fifin > 3) used to label the marked 
points. 

Definition 3.1 (Set of thickening datums Af). A thickening datum a for data as in Setup 
I along with a finite set S consists of the following data: 
i. Tq, > 0 an integer such that Tq -|- ffS > 3. 
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ii. Ea a finite-dimensional real vector space equipped with an action of and an iso¬ 
morphism Ea ^ 

hi. Da C y a compact codimension two submanifold with boundary. We let Da := 

M X c y. 


iv. Xa: Ea-^ C°°{Y X Go,su{i,...,rc,},TY (g)R rip’ _ )“ an Sr^-equivariant 

linear map vanishing in a neighborhood of the nodes and S'-marked points of the 
hbers of Co,su{i,...,rQ} ^ Mo,su{i,...,rc}- The superscript ® indicates taking the subspace 
of M-invariant sections (where M acts on Y by translation). 

We denote by Ai(S') the set^° of such thickening datums. 


Definition 3.2 (Set of thickening datums An). A thickening datum a for data as in Setup 
II along with a hnite set S consists of the following data: 

i. Tai Ea as in Dehnition 3.1(i),(ii). 

ii. Dt C y±, Xt-.Ea^ C^{Y^ X eo,5u{i,...,r..}, Ty± fij' )« as in 

Dehnition 3.1(iii),(iv). 

hi. Da C X a closed codimension two submanifold with boundary. We require that Da 
coincide (via (1.9)-(1.10)) with outside a compact subset of X. 
iv. A„ : C°°(X X eo,su{i,...,rc},TX ®iR ^ ) an S'^^-equivariant 

Co,SU{l,....T-Q}/JVlo,SU{l.....ra} 

linear map vanishing in a neighborhood of the nodes and S'-marked points. We require 
that Aa coincide (via (1.9)-(1.10)) with A^ outside a compact subset of X. 

We denote by An (S') the set of such thickening datums. 


Definition 3.3 (Set of thickening datums Am). A thickening datum a for data as in Setup 
III is identical to a thickening datum for Setup II. This makes sense since in Setup III, the 
identihcations (1.9)-(1.10) are independent of f; note also that the dehnition of a thickening 
datum does not make reference to A* or J*. We denote by Ani(S') the set of such thickening 
datums. 


0,1 _ \Rl, 

Co,SU{l,...,rQ;}/lVlo,SU{l,...,rQ;} ' ^ * 


Definition 3.4 (Set of thickening datums Aiv). A thickening datum a for data as in Setup 
IV along with a hnite set S consists of the following data: 

i. Ta, Ea as in Dehnition 3.1(i),(ii). 

ii. {Dl^ C y*}i=o,i,2, {Aq : Ea —)■ C°°(y*xCo,su{i,...,r„}) Ty 
as in Dehnition 3.1(iii),(iv). 

hi. C as in Dehnition 3.2(hi). 

iv. D^’^ C a smoothly varying family of divisors for t G [0, cxo) as in Dehnition 

3.2(iii) which coincides with the descent of D^UD^ for sufficiently large t. “Smoothly 
varying” means the projection to [0, cxo) is a submersion (and remains a submersion 
when restricted to the boundary). 

V. : Ea ^ X eo,su{i,...,r.}, Or )},=0,i as 

in Dehnition 3.2(iv). 

Vi. A02,t . Ea ^ X Co, SU{ 1 ,TX02.*, OrDJ' ) as in Dehni- 

tion 3.2(iv) coinciding with the descent of A°^ U X^ for sufficiently large t, and varying 
smoothly with t. 


^°This is a set due to the choice of isomorphism Ea 
including this choice of isomorphism in the definition. 


indeed this is the only purpose for 


0 , 1,2 
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Figure 7: A tree and its six subtrees as in Definition 3.5. 
We denote by Aiv(5') the set of such thickening datums. 


3.2 Index sets Aj, An, Am, Am 


We now define the index sets Ai, An, Am, Am of the implicit atlases on Mi, Mu, Mm, Miv 
as unions of copies of the sets of thickening datums Aj, An, Am, Ajy. 

We will use the short-hand A*(T) to mean A*(i7^(T)) for T G S*; note that a map 
T —)■ T' induces an identification A*(T) = A*(T'). 

Definition 3.5 (Subtree). A subtree T' O T shall mean one obtained by choosing some 
subset of the vertices to keep V(T') C V(T), and keeping all the edges which are adjacent 
to at least one of these vertices; a subtree is also required to be connected and non-empty 
(see Figure 7). 


Definition 3.6 (Index set Ai). For T G Si, we define: 

i,(T):= LI A,(T) (3.1) 

TDT'eSi 

(union over subtrees). A subtree T D T' G Si is means a subtree as in Definition 3.5, 
with decorations inherited from those of T (it will not matter how we choose basepoints for 
subtrees). 

Definition 3.7 (Index set An). For T G Sn, we define: 

Aii(T):= y A+(T')U y Ai-(T')U y Aii(T') (3.2) 

TDT'e§+ TOT'esp rpr'GSii 

More precisely, the unions are over the following types of subtrees: 

i. T D T' G Sii, i.e. those with =t:(e+) = 0 and *(e“) = 1 for G E^{T'). 

ii. T ^ T' ^ Sj*", i.e. those for which all edges and vertices have * = 0. 

iii. T D T' G Sf, i.e. those for which all edges and vertices have * = 1. 

(where Sf = Si(D^,A^)). Note that a given physical subtree T' C T may appear in more 

than one |J above. 

Definition 3.8 (Index set Am)- For T G Sm, we define: 


Am(r) 


u 


/i+(r)u □ A^(T’)u □ yi‘r»(r)u □ A\f(T') 

rpT'eSp TDT'GSjf'’ TOT'eSjfl 


U U ■4iii(r') 

TDT'eSiii 


(3.3) 


More precisely, the unions are over the following types of subtrees: 
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i. T D T' G Sill, i-e. those with =t:(e+) = 0 and *{e~) = 1 for e E^{T'). 

ii. T DT' e Sjf°, i.e. those with *(6+) = 0 and *(e“) = 1 for G E^(T') if s(T) = {0}. 

hi. T DT' G S^f^ i-G- those with =t:(e+) = 0 and *(e“) = 1 for G E^{T') if s(T) = {!}. 

iv. T ^ T' E Sj*", i.e. those for which all edges and vertices have * = 0. 

V. T 3 T' G Sf, i.e. those for which all edges and vertices have * = 1. 

Definition 3.9 (Index set Aiv). For T G Siv, we dehne: 


Aiv(r):= □ aO(t')u □ Af{r)u IJ <(r) 


TDT'e$° 

u 


TDT'&Sj 


TDT'e$°^ 


□ A“(r)u □ A‘(r')u □ AifiT') 


TDT'GSOI 

u LI amt ') 

TDT'gSiv 


TDT'GSI 


TDT'eSji^ 


(3.4) 


More precisely, the nnions are over the following types of snbtrees: 

i. T DT' E Siv, i-e. those with =t:(e+) = 0 and *(e“) = 2 for G E^{T'). 

ii. T DT' E Sjj^, i.e. those with *(e+) = 0 and *{e~) = 1 for 6=*= G E^(T') and s(T) = {cxd}. 

hi. T DT' E S^, i.e. those with =t:(e’'') = land*(e“) = 2fore^ G E^{T') and s(T) = {oo}. 

iv. T DT' E S^ , i.e. those with =t:(e+) = 0 and *(e“) = 2 for E E^{T') and s(T) = {0}. 

V. T ^ T' E Sj, i.e. those for which all edges and vertices have * = 0. 

vi. T D T' G S(, i.e. those for which all edges and vertices have * = 1. 

vii. T D T' G Sj, i.e. those for which all edges and vertices have * = 2. 

A morphism T ^ T' indnces a natnral inclnsion: 

A*(T') -G A*(T) (3.5) 

(since given T —)■ T', any snbtree T" C T' pnlls back to a snbtree of T). 

For any concatenation {Tj},, there is a natnral inclnsion: 

|JA,(T,)-^A,(#,T,) (3.6) 


3.3 Thickened moduli spaces 

We now dehne the thickened modnli spaces for the implicit atlases on Mi, Mu, Mm, Miv- 

Definition 3.10 (Modnli space Mi(T)/). Let T G Si and let / C Ai(T) be hnite. An 

I-thicke'ned pseudo-holomorphic building of type T consists of the following data: 

i. Cy and py^e as in Dehnition 2.9(i). For a E I, let Ca ■= Cy/^^, where T 3 Tq, G Si 

denotes the snbtree indexing the term in (3.1) containing a E I, and ~ identihes 
Pv,e ~ Pv',e for interior edges n A n' of Tq, (see Fignre 8). 

ii. Uy, be, me as in Dehnition 2.9(ii),(iii),(iv),(v). 

iii. For all a E I, we reqnire that (m|Cq) fti with exactly Tq, intersections, which 
together with {py,e}v,e stabilize Ca- By {u\Ca) iti Da, we mean that 7e H = 0 for 
edges e G E{Ta), {u\Ca)~^{dDa) = 0, {u\Ca)~^{Da) does not contain any node, and 
{du)p : TpCa -)■ Tu(^p)Y/Tu(^p)Da is snrjective for p E {u\Ca)~^{Da). 
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Figure 8: A tree with its six subtrees, and a corresponding pseudo-holomorphic building 
with its corresponding subbuildings. 

iv. {(/)„ : Ca —t Go,E±{Ta)u{i,...,ra}}aei, wliere each 0^ maps isomorphically onto a 
fiber of Co,_E±(T^)u{i,...,r^}, where Ca is equipped with its given marked points p.u,e for 
e G E'^iTa) and any marking of {u\Ca)~^{Da) with ro,}. Note that under 

(iii) above, choosing 0^ is equivalent to choosing a marking of {u\Ca)~^{Da) with 

vi. We require that u satisfy the following /-thickened pseudo-holomorphic curve equation: 

-I- ^ A«(e„)(0«(-),M(-))V =0 (3.7) 

\ ' <J 

aGl 

Note that the term in Ylaei corresponding to a makes sense only over Ca, and we 
define it to be zero elsewhere. 

An isomorphism between /-thickened pseudo-holomorphic buildings of type T is defined as 
in Definition 2.9, with the additional requirements that Cq, = e'^ and (j)a,v = ‘P'av ° for 
V G Ta- We denote by 'Mi(T)j the set of isomorphism classes of stable /-thickened pseudo- 
holomorphic buildings of type T. 

Note that the sum over a in (3.7) is supported away from the punctures ^ Cy, 
and hence Uy is genuinely J-holomorphic near Note also that (3.7) is equivalent to 

the assertion that the graph (id,M„) : ^ x F is pseudo-holomorphic for the almost 

complex structure on Cy xY given by: 

Hence solutions to the /-thickened pseudo-holomorphic curve equation enjoy all of the nice 
elliptic estimates which apply to solutions to the (usual) pseudo-holomorphic curve equation. 

Definition 3.11 (Moduli space Mii(T)/). Let T G Sn and let / C An(T). An I-thickened 
pseudo-holomorphic building of type T consists of the same data as in Definition 3.10 (the 
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only difference being the target of and using D^,Da and A^,Aq, appropriately). We 
denote by Mn(T)/ the set of isomorphism classes of stable /-thickened pseudo-holomorphic 
buildings of type T. 

Definition 3.12 (Moduli space Miii(T)/). Let T G Sm and let I C 74in(T). We denote 
by Miii(T)/ the union over t G s(T) of the set of isomorphism classes of stable /-thickened 
pseudo-holomorphic buildings of type T. 

Definition 3.13 (Moduli space Miv(T)7). Let T G Siv and let / C Aiy{T). We denote 
by Miv(T)/ the union over t G s{T) of the set of isomorphism classes of stable /-thickened 
pseudo-holomorphic buildings of type T. 

Definition 3.14 (Moduli spaces (Mi)/, (Mn)/, (Mm)/, (Miv)/). For T G S* and / C A^T), 
we dehne: 

M*(T)/:= y M4T')//Aut(T7T) (3.9) 

Each such set (M*)/ has a natural Gromov topology which is Hausdorff. 

The stratihcations (2.5) are clearly dehned on the thickened moduli spaces (Mi)/, (Mu)/, 
(Mm)/, (Miv)/. The tautological functorial structure (2.3) (combined with (3.5)) and (2.4) 
(combined with (3.6)) also exists for the thickened moduli spaces. 

There are natural maps Sa '■ (M*)/ —>■ for a & I, which are Tq, := S'^^-equivariant for 
the natural action of Tq on (M*)/ (by acting on and 0 q,). There are natural forgetful maps 
4’iJ • ('Sj\/|(M*)j)“^(0)/rj\/ —>■ (M*)/. Each tjjjj is a bijection whose image Ujj C (M*)/ is 
open (as it is the locus of points satisfying the transversality condition in Dehnition 3.10(iii) 
for a G J \ /). Inspection of the dehnition of the Gromov topology shows that 7/j is in fact 
a homeomorphism. Glearly (M*)0 = M*. 

3.4 Linearized operators 

We now describe the linearized operators associated to /-thickened pseudo-holomorphic 
buildings. 

Definition 3.15 (Linearized operator). Given an /-thickened pseudo-holomorphic building 
of type T, there is an associated linearized operator: 

E/© 0 0 ^^.lO) 

veV{T) veV{T) 

A point in a moduli space (M*)/ is called regular iff the linearized operator (3.10) of the 
corresponding pseudo-holomorphic building is surjective (it follows from elliptic regularity 
theory that this condition is independent of k and 5). Let (M*)7® C (M*)/ denote the locus 
of points which are regular. 
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3.5 Stabilization of pseudo-holomorphic curves with divisors 

We now verify the covering axiom for the implicit atlases which we are in the process of 
defining. Namely, we show that the modnli spaces M* are covered by the regnlar loci in 
their thickenings The essential content is to show that at every point in each 

modnli space M*, there exists a divisor (in the sense of Dehnition 3.1(iii)) which stabilizes 
the domain (i.e. satisfies Dehnition 3.10(iii)). 

Lemma 3.16. Let u : —)■ {X,J) he J-holomorphic (for an almost complex manifold 

(X, J )). Then either du : TpC —)■ Tu(p)X is injective for some p & or^^ u is constant. 

Proof. If du is non-injective, it must be zero by J-holomorphicity. □ 

Lemma 3.17. Let u : —)• {Y,J) be J-holomorphic (for data as in Setup I). Denote 

by TTg : TY ^ the projection under the splitting TY = ^ © © ^dg. Then either 

TT^du : TpC —?• fu{p) is injective for some p G oY^ u factors through idxy :MxM—)-Mxy 
for some Reeh trajectory 7 : M —)■ D. 

Proof. If n^du is non-injective, it must be zero. If n^du vanishes identically, then du is 
everywhere tangent to the 2-dimensional foliation of Y by © ^dg, and thus u factors 
through one of its leaves. □ 

Proposition 3.18. For every x G Mi(T), there exists a G Ai{T) such that x G U 0 {a} ond 

Proof. The point x is an isomorphism class of stable pseudo-holomorphic building of type 
T' T. 

We claim that for all v G V{T'), either is stable (i.e. the degree of n is > 3) or n^duy 
is injective somewhere on Cy. To see this, suppose that n^duy = 0 and apply Lemma 3.17 
to Uy : Cy ^ Y. If the resulting Reeb trajectory 7 : M —)■ R is not a closed orbit, then Uy 
factors through M x M —)■ M x R, and consideration of the positive puncture of Cy leads to a 
contradiction. Thus Uy factors through a trivial cylinder M x —)■ M x R for some simple 
Reeb orbit 7 : —)■ R. The map —)■ Mx 5^ is holomorphic, and it must have ramihcation 

points, as otherwise the building x would be unstable. It now follows from Riemann-Hurwitz 
that Cy is stable. Thus the claim is valid. 

Now using the claim, it follows from Sard’s theorem that there exists Da © Y satisfying 
Dehnition 3.10(iii) for some > 0. Now to show the existence of and so that x is 
regular for the thickening datum a = {Da, ra, Ea, Aq,), it suffices to show that: 

CTiCv \ {{Pv,e}e U Ny),ulTYj ®C (3.11) 

surjects onto the (hnite-dimensional) cokernel of the linearized operator at x. 

Now (3.11) is dense in for k = 2 and admissible d > 0, so we have the desired 

surjectivity. One could also use Sobolev spaces with weights near the nodes (see Dehnition 
5.2.1) and then (3.11) is dense for all fc > 2 and admissible 5 > 0. □ 

fact, it is a standard (but nontrivial) fact that the first alternative can be strengthened to state that 
the zeroes of du form a discrete set (see [MS04, Lemma 2.4.1]). 

^^In fact, it is a standard (but nontrivial) fact that the first alternative can be strengthened to state that 
the zeroes of n^du form a discrete set (see Hofer-Wysocki-Zehnder [HWZ95, Proposition 4.1]). 
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Remark 3.19. Let us give an alternative argument that (3.11) surjects onto the cokernel of 
the linearized operator D. It suffices to show that there is no continuous linear functional on 
the cokernel of D which vanishes on (3.11). Such a continuous linear functional would be a 
distribution e valued in ulTYf^c supported over the pre-images of the nodes Ny C 

with the property that (e, D0 = 0 for all smooth (compactly supported) ^ : Cy ^ u^TY. 
Now this implies that D* (the formal adjoint) applied to e is a linear combination of 6- 
functions supported over Ny. But such 5-functions live in H~^ and the formal adjoint is 
elliptic, so this means e G which contains no nonzero distributions supported at single 
points. 

Proposition 3.20. For every x E Mii(T), there exists a E ^ii(T) such that x E 1/0 {«} and 

Proof. The point x is an isomorphism class of stable pseudo-holomorphic building of type 
r -E T. 

As in the proof of Proposition 3.18, for v E V{T') with =t:(u) = 00 or *(u) = 11, either Cy 
is stable or n^duy is injective somewhere on Cy. For =t:(u) = 01, every irreducible component 
of Cy is either stable or has a point where duy injective by Lemma 3.16. 

Now we can hnd a (compact) divisor C X such that u (ti Da with intersections 
stabilizing every Cy with *(u) = 01. Now we consider the remaining unstable Cy (*(u) = 00 
or *{v) = 11), and we choose divisors C stabilizing these. We then cutoff near 
inhnity in X and add this to Thus u rfi Da with ra intersections which stabilize C. 

Now {Ea, Xa) are constructed as in Proposition 3.18. □ 

Proposition 3.21. For every x E Miii(T), there exist at E AmiTi) such that x E U 0 ,{ai}i 
V’0,\„,p(2:) C Miii(T)J®„®j^ (writing T = \_\. Ti with Ti connected and non-empty). 

Proof. Apply Proposition 3.20 to each subbuilding of type Ti to get a*. □ 

Proposition 3.22. For every x E Miv(T), there exist ai E Aiv(Tj) such that x E U 0 ,{ai}i 
and ^ ^iv(7")|^j. (writing T = connected and non-empty). 

Proof. Essentially the same as the proof of Propositions 3.20-3.21. □ 

3.6 Local structure of thickened moduli spaces via models Gi, Gn, 

Gm, Giv 

We now state the precise sense in which the spaces Gi, Gn, Gm, Gjv are local topological 
models for the regular loci in the thickened moduli spaces (Mi)/, (Mu)/, (Mm)/, (Miv)/. 
This statement is in essence a gluing theorem, and its proof is given in §5. It implies that 
the submersion and openness axioms hold for the implicit atlases we have dehned, and it 
also gives canonical isomorphisms = O/-. 

The (Banach space) implicit function theorem implies that M*(T)j®® is a (smooth) man¬ 
ifold of dimension /i(T) — ffVsiT) + dims(T) -|- dimE/ over the locus without nodes. 
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Theorem 3.23 (Local structure of Fix * G {I, II, III, IV}. Let I F J G A^{T). 

Let Xq G M*(T')j/Aut(T'/T) C M*(T)j (some T' ^ T) be such that sj\i{xq) = 0 and 
i’uixo) £ Then fi{T) — ^14(T') — 2^N{xo) + dimEj > 0 and there is a germ of 

homeomorphism: 

{{GA)T'//T X Ej\i X X W^'^G#Vs{T')-2#N{x,)+dlmEi ^ (0,0,0)) ^ {M,{T)j,Xo) (3.12) 

whose image lands in M*(T)j®® and which commutes with the maps from both sides to 
(S*)t 7 /t X s(T) X Ej\i (as well as the stratifications by number of nodes). 

Proof See §§5. 1-5.3. □ 

The (Banach space) implicit function theorem moreover gives a canonical identihcation: 

® (3.13) 

More precisely, this identihcation is made over the locus in M*(T)}®® without nodes, and has a 
unique continuous extension to all of M*(T)}®® by virtue of the local topological description 
in Theorem 3.23. This identihcation is easily seen to be compatible with fjjj and with 
concatenations. It is also compatible with morphisms T' —)■ T in the following precise sense: 

Theorem 3.24 (Compatibility of the “analytic” and “geometric” maps on orientations). 
The following diagram commutes: 

^Vs(T') \/ (3.13) PI 

(3.14) 

0^V,(T) \/ (3.13) r, 

‘^M*(T)7*^ ® ‘^R ® ^s(T) ® 

where the maps are as follows. The left vertical map is the “geometric” map induced by 
the local topological structure oflN[^,{T)Y^ coming from (3.12). The right vertical map is the 
“analytic” map defined earlier via the “kernel gluing” operation. 

Proof. See §5.4. □ 


4 Virtual fundamental cycles 

In this section, we prove Theorems I, II, III, IV as stated in the introduction. Specihcally, 
these main results follow from combining Dehnitions 4.34, 4.35 and Lemmas 4.36, 4.37. 

Our work in this section relies heavily on the framework introduced in [Parl5], and we 
begin with a review of the machinery which we will need. We use Q coefhents throughout. 
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4.1 Review of the VFC package 

In this subsection, we review the framework introduced in [Paris] for dehning the virtual 
fundamental cycle of a space equipped with an implicit atlas. For motivation, we refer the 
reader to [Paris, §§1-2], and for complete definitions, we refer the reader to [Paris, §§4- 
6,A]; our arguments in the rest of this section are similar to, though logically independent 
of, those in [Paris, §7]. 

Let X be a (compact Hausdorff) space equipped with a hnite implicit atlas with boundary 
A. The implicit atlas A induces an orientation sheaf Ox over X (and we set Oxreia := j\j*0x 
for j : X \ dX ^ X). The atlas A also induces “virtual cochain complexes” C'*j,.(X; A) and 
C*ij,(X relc?; A), along with a natural map: 

C:r\dX-A) ^ Cr,{Xie\d-A) (4.1) 

whose mapping cone is denoted C*^^{X]A) := [C*j,.(clX; A) —)■ C*;j.(Xrel 9; A)]. There are 
natural isomorphisms: 

Hr^iX;A)=H-iX,Ox) (4.2) 

//•.(Xreia; A) = H%X,Oxrew) (4.3) 

We denote by C,{E;A) := CdimEA+^i^A, Ea \ O;0g^)^'^; note that there is a canonical 
isomorphism H,{E] A) = Q (concentrated in degree zero). The virtual fundamental cycle of 
X is represented (on the chain level!) by a canonical pushforward map: 

C;+-(A' rel a; A) ^ C_.(B; A) (4.4) 

where d is the virtual dimension of A. For an inclusion of implicit atlases A C A' on the 
same space X, there are canonical quasi-isomorphisms: 

C-,(X rel a; A) ^ Q,(X rel A') (4.5) 

C.{E-A)^C.{E-A) (4.6) 

which compose as expected and are compatible with (4.4) (both on the chain level). 

For spaces X and Y with implicit atlases A and B, there are product maps: 

C* ,(X rel d] A) ® C* ,(F rel d] B) -A C’,(X x F rel A U B) (4.7) 

and these are compatible with (4.4) and (4.5)-(4.6). 

Remark 4.1. Though not necessary for the present construction, let us remark that given 
(4.5)~(4.6) as defined above, we can actually define C*ij,(—;A) and C*i,.(i7;A) for arbitrary 
A by taking the direct limit over hnite subsets. 

^^The maps (4.5)-(4.6) are slight modifications of the originals [Parl5, §4.2, eq. (4.2.14)-(4.2.15)], which 
carry an extra factor of 0 C,{E; A' \ A) on the left. Let [Ea\ G Co(E; a) be the fundamental cycle obtained 
by pulling back some [R"] G C'„(IR",K" \ 0;ORn) (fixed once and for all) under the specified isomorphism 
Ea A- and averaging over Lq, (alternatively, we could modify the definition of a thickening datum 

to include the data of a fundamental cycle [Ea\ G Co{E\a)). Now (4.5)-(4.6) are defined by pre-composing 
the maps in [Parl5] with ® 
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Remark 4.2. Our convention to keep track of signs is the following. Everything is Z/2-graded, 
and ® is always the super tensor product (namely, where the isomorphism A® B ^ B ® A 
is given by a (g) 6 i-)- (—a, where (/ ® g){a ® h) := (—® gip)). Complexes 
are (Z, Z/2)-bigraded; differentials are always odd, chain maps are always even, and chain 
homotopies are always odd. For specihcity, let us declare that Hom(74, B)®A^B\)e given 
by / ® a I—)■ /(a) (though it won’t really matter for our arguments). 

We conclude by stating precisely some results which are implicit in [Paris, §6]. 

Lemma 4.3 (c.f. [Paris, §A]). Let 3^*, S*, d£* be pure homotopy %-sheaves on spaces X, Y, 
X xY, respectively. Let 3^*{K) (g) —)■ 0-C*{K x K') be a collection of maps compatible 

with restriction. Then the following diagram commutes: 

H*3^^{X) ® H*5'iY) -^ Wdf(X X Y) 

(4.8) 

'A' • 4 ' 

H*{X-, ^ H\Y] ipog*) -^ H\X x F; 


where the vertical arrows are the isomorphisms from [Pari5, Proposition A.5.4] and the 
bottom horizontal arrow is the usual Kiinneth cup product map. 

Proof. We consider the following commutative diagram: 


W [J'(X) (g) g’(F)] - ^ Wdf(X X Y) 




H'{X; 3^') 0 W’(F; g*) -> H* [C*{X; 3^’) 0 C'(F; g*)] -^ W*(W x F, 3f) 


(4.9) 


i7*(X; r<o5’) 0 i^’(F; t<oT) -t H' [C\X- r<o J*) 0 C*(F; r<og*)] ^ H\X x F, r<o3f) 


H'{X-, 0 W'(F; ipog*) ^ H* [C"(X; W°3^’) 0 C'*(F; hr°g’)] H*{X x F, W^Jf) 


The far right and far left vertical maps are all isomorphisms by the same reasoning used in 
[Paris, Proposition A.S.4]. The outer square is exactly the desired diagram, so we are done. 

Note that it is important to write T* r<oT* —t and not T* —)■ r>oT* 

since there is a natural map r<oT* 0 t<oS* —t r<o3f*, but no natural map t^qT* 0 t>oS* —t 
r>o3f. □ 

Lemma 4.4. Under the isomorphism (4.3), the action of (4.7) induces the usual Kiinneth 
cup product map H*{X;Oxveid) ® W*(F; Oy^eia) -t H*{X x Y] OxxYreia)■ 

Proof. By Lemma 4.3, this follows from [ParlS, Dehnition 6.3.2]. □ 
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Lemma 4.5. Let {X,dX) —)■ (S, 9S) (resp. (Y,dY) —)■ (7,&I)) be equipped with a finite 
locally orientable implicit atlas with boundary and cell-like stratification A (resp. B). Then 
the following diagram commutes: 


Hr fix, S; A) <8) HrfiY, T; B) -^ H^fiX xY,§>xT,AUB) 

■fir fir 

H‘(X, Ox) 0 H‘{Y, oy) -> H‘(X X Y; Ox,y) 


(4.10) 


Proof. By Lemma 4.3, this follows from [Parl5, Proposition 6.2.3 and Definition 6.3.2]. □ 


4.2 Sketch of the construction 


We first sketch the construction of virtual fundamental cycles on the moduli spaces M*(T). 
The remainder of this section is then devoted to turning this sketch into an actual proof. 

The virtual fundamental cycle of a space with implicit atlas is represented (on the chain 
level) by the pushforward map (4.4). Since each space M*(T) is equipped with an implicit 
atlas AfiT), the VFC machinery provides us with chain maps: 

^vdim(T)+.(^^(y)rei^.^^(2^)) ^ C.fiE-AfiT)) (4.11) 

Now the domain is quasi-isomorphic to Cech cochains C''''^‘™('^)+*(M*(T) rel 9; Ot) by (4.3) 
(recall = o-r), and the target is quasi-isomorphic to Q. Thus (up to quasi-isomorphism), 

we have a collection of chain maps: 

C'vdim(r)+.(^^(2") rel d] Ot) ^ Q (4.12) 


which is nothing other than a collection of (virtual fundamental) cycles: 

[MfiT)Y^^ e adim{T)(M,(T) rel a; of) (4.13) 

We remark that the dual of Cech cochains C* is Steenrod chains C, (see [Parl5, §A.9] and 
the references therein), although this level of precision is not needed in the present sketch. 

Now supposing that (4.11) is sufficiently functorial with respect to morphisms and conca- 
tentations in S*, we conclude that the virtual fundamental cycles (4.13) satisfy the following 
identities: 


8[M.(r)i'"'= 5^ 

codim(T7T)=l 

[M,(#,T,)]->-= ^ 


[Mfir)y 


|Aut({T,},/#T,)| 


|Aut(r7r) 


(4.14) 


(4.15) 


which clearly imply the desired master equations. It also follows from the formal properties 
of the VFC package that [M*(T)]''^'' is the usual fundamental cycle if M*(T) is cut out 
transversally. 

To turn this sketch into an actual construction, we must carry out the above arguments 
on the chain level, with all the necessary chain level functoriality with respect to morphisms 
and concatenations of trees. This is a non-trivial task, since many of the chain maps we are 
given go in the wrong direction (basically, we need to “invert quasi-isomorphisms”). The 
rest of this section is devoted to performing the necessary algebraic manipulations. 
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4.3 (§1, §115 Siii5 Siv) -modules 

We begin by introducing the notion of an S*-niodule, which formalizes the way in which 
the moduli spaces M*(T) £t together under morphisms and concatenations of trees (namely 
(2.3)-(2.4)). In fact, many (or even most) of the objects introduced and studied earlier in 
this paper are S*-modules, as we explain in the examples which follow the dehnition. This 
notion plays a key organizational role in what follows. 

Definition 4.6. An object T G S* will be called effective iff M*(T) 7^ 0. Note that (1) for 
any morphism T —)■ T', if T is effective, then so is T', and (2) for any concatenation {Tj}i, 
ifiTi is effective iff every Tj is effective. 

For the remainder of this section, we will use §* to denote the full subcategory spanned 
by effective objects. 

Definition 4.7. An Si-module Xi valued in a symmetric monoidal category C® consists of 
the following data: 

i. A functor Xj : §i —)■ C. 

ii. For every concatenation of {Tj}* in Sj, a morphism: 


(g)Xi(T,)^Xi(#,T,) (4.16) 

i 

such that the following diagrams commute: 






(4.16) 


> XiiiffTf, 


(4.16) 


>Xi(#,7t') (^Xi(T,,) 

ij 


i 

i(4.16) \ (4.16) 

(4.16) 


» A',(#yry) 


(4.17) 


for any morphism of concatenations {Tj}i —)• {T/}j and any composition of concatena¬ 
tions, respectively. 

A morphism of Sj-modules is a natural transformation of functors compatible with (4.16). 

Example 4.8. The functor Mi is an Sj-module (valued in the category of compact Hausdorff 
spaces, with the product symmetric monoidal structure). 

Example 4.9. The functor Ai is a (contravariant) Si-module (valued in the category of sets, 
with the disjoint union symmetric monoidal structure). 

Example 4.10. The functor 0 is an Si-module (valued in the category of orientation lines and 
isomorphisms, with the super tensor product symmetric monoidal structure). 

Example 4.11. The functor T i-G- (Si) is an Si-module (valued in the category of categories, 
with the product symmetric monoidal structure). 

Definition 4.12. An Su-module Xu valued in consists of the following data: 
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i. An S^-module valued in C®. 

ii. An Sf-module valued in C®. 

iii. A functor Xu : Sii ^ e. 

iv. For every concatenation {Tj}* in Sn, a morphism: 


(g)Ai/n(T,)^X„(#,T,) (4.18) 

i 

such that the following diagrams commute: 


(g)Ai/n(T,) 


(g) ^1/11(7;') 


> Xi/„(#,T,) 


(g)Xi/„(#,T,,) 




ATi 


i/ii 




(4.19) 




id 


for any morphism or composition of concatenations, respectively. 

A morphism of Sn-modules consists of natural transformations of functors compatible with 
(4.16), (4.18). 

Remark 4.13. It would perhaps be more proper to speak of “(S^, Sn)-modules (Xf^,Xn)”, 
though such notation rapidly becomes unwieldy. It will usually be clear from context what 
X^ are once we have specihed Xn, though at times we will specify the pair (Xf^,Xn) for 
sake of clarity. 

Example 4.14. Examples 4.8-4.11 all generalize: (Mf,Mii) is an (Sj*^, Sii)-module, (y4f,An) 
is an (Sf, Sii)-module, etc. 

Definition 4.15. An Sm-module Xm valued in C® consists of the following data: 

i. An Sj^-module X^ valued in C®. 

ii. An Sf-module XR valued in C®. 

iii. An (Sf, SjfO)-module (Xf,X*fO) valued in 6®. 

iv. An (Sf,S^fi)-module (Xf,X*fi) valued in 6®. 

V. A functor Am : Fm —t 6- 

vi. For every concatenation {Tj}j in Sm, a morphism: 

(g) Ai/„/„i(T,) ^ A„i(#T,) (4.20) 

i 

satisfying the natural compatibility conditions, as in Dehnition 4.12. 

A morphism of Sm-uiodules consists of natural transformations of functors compatible with 
(4.16), (4.18), (4.20). 

Definition 4.16. An Siy-module Ajv valued in C® consists of the following data: 

i. Spmodules Aj valued in C® for 0 < f < 2. 

ii. (Sj’f Sj-()-modules (Aff Aj/) valued in C® for 0 < i < j < 2. 
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iii. A functor Xjv : Siv ^ e. 

iv. For every concatenation {Tj}j in Sjv, a map: 

(g) Xi/n/iv(T.) ^ Xiv(#.T,) (4.21) 

i 

satisfying the natural compatibility conditions, as in Definition 4.12. 

A morphism of Siv-modules consists of natural transformations of functors compatible with 
(4.16), (4.18), (4.21). 

4.4 Sketch of the construction (revisited) 

We now revisit the sketch §4.2 using the language of S*-modules. 

Recall that the virtual fundamental cycles of the moduli spaces M*(T) come packaged 
via the map (4.11). Now the key coherence properties of these cycles (4.14)-(4.15) shall be 
encoded in the fact that (4.11) is a map of S*-modules. Thus our hrst task is to dehne the 
S*-modules rel 9) and C,{E^) along with the pushforward map: 

rel d) ^ C.,{E,) (4.22) 

We then must relate rel 9) to rel 9; o) (with an appropriate S*- 

module structure), and we must relate C,{E^) to Q (with the trivial S*-module structure). 
If all goes well, this will give virtual fundamental cycles (4.13) satisfying (4.14)-(4.15). 

In reality, it is somewhat cumbersome to make sense out of rel 9; o) as an 

S*-module, so we will take a shortcut taking advantage of the fact that we are only interested 
in integrating the constant function 1 (and not more general cohomology classes) over the 
virtual fundamental cycles. We will dehne an S*-module Q[S*], which can be thought of as 
“the subcomplex of rel 5; o) generated by the characteristic functions of closed 

strata”, and we will construct a corresponding map of S*-modules: 

Q[S*] ^C'’|''"'“(M*reia) (4.23) 

Now combining this map with (4.22) and our understanding of C,{E^) = Q, we obtain a 
map of S*-modules: 

Q[S*] Q (4.24) 

Morally speaking, this map gives the values of integrating the characteristic functions of 
closed strata over the virtual fundamental cycle of M*(T). Practically speaking, from any 
map (4.24) it is straightforward to read off virtual moduli counts satisfying the master 
equations. 

4.5 S*-modules Q and Q[S=,=] 

We now introduce the two basic S*-modules Q and Q[S*]. We also make the elementary but 
crucial observation that a map of S*-modules Q[S*] —)■ Q is nothing other than a collection 
of virtual moduli counts satisfying the relevant master equations. 
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Definition 4.17 (S*-module Q). Denote by Q the S*-module defined by Q(T) = Q for 
all T G S*, where the pushforward maps are the identity and the concatenation maps are 
multiplication. 

We motivate the definition of Q[S*] as follows. It is not hard to check that C'*(M*(T) rel d] o^) 
is quasi-isomorphic to the following total complex: 

C'‘(M,(T);0t)-> 0 C'-^(M.(r)/Aut(T7T);OT0 ^ 

codim(T7T)=l 

0 Aut(T7T); 0 t») ^ • (4.25) 

codim(r"/T)=2 

This chain model is convenient because it is manifestly an S*-module: a morphism T' —)■ T 
clearly induces a map of complexes (4.25) of degree codim(T'/T), while it is not so clear how 
to canonically define a corresponding map C'*(M*(T') rel 9) —)■ relc?)- 

The complex Q[§*](T) which we now define should be thought of as the subcomplex of (4.25) 
spanned by the constant sections 1 G C'°(M*(T')/ Aut(TYT)) for T' —)■ T. 

Definition 4.18 (S*-module Q[S*]). For T G §*, we define: 

Q[S*](T) : = © Ot' (4.26) 

r'G|(s.)/j,| 

The term corresponding to T' lies in degree — vdim(T') (cohomological grading), and the 
action of the differential on Ot' is given by the sum over T” G |(S*) /t' \ of the boundary map 
Ot' —)■ Ot" multiplied by Aut(T"/T)/(Aut(TYT) Aut(T'YF'))- 
A morphism T' ^ T induces a map: 

Q[S,](T')^Q[§*](T) (4.27) 

via pushforward under the functor (S*) /t' —)■ (S*) /t and multiplication by | Aut(T'YF)/ Aut(T'YF') | 
on Ot" for T" G (S*)/^'. 

A concatenation {Tj}i induces a map: 

0Q[§,](T,)^Q[S,](#,T,) (4.28) 

i 

by consideration of the isomorphism = ni(S*)/Ti, covered by the tautological iden¬ 
tifications multiplied by |Aut({Z)'}Y#*7')l = |Aut({Tj}Y#*^i)l- 

Thus Q[S*] is an S*-module (i.e. Q[Si] is an Si-module, (Q[S7, Q[Sii]) is an (§7 Sii)‘ 
module, etc.). 

The factors appearing in the differential and structure maps above are explained by re¬ 
garding Q[S*](T) as generated by elements called Aut(T'/ t) — |Aut(TYT)Y^ 

Remark 4.19. It is easy to check that there is a natural bijection between morphisms of 
S*-moduIes Q[S*] —)■ Q and collections of virtual moduli counts [M*(T)]''‘'' G for 
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vdim(r) = 0 satisfying: 


0 






codim(T7T)=l 


|Aut(TVT)| 




1 

|Aut({T,},/#TO| 


n[M*(TO] 


(4.29) 

(4.30) 


(where M*(T) is interpreted as zero if vdini(T) ^ 0). Note that Aut(T)-invariance forces 
[M*(T)to vanish if any of the input/output edges of T is labeled with a bad Reeb orbit. 

A collection of such virtual moduli counts clearly gives virtual moduli counts as in The¬ 
orems I, II, III, IV satisfying the relevant master equation (1.4)/(1.13)/(1.19)/(1.26). Note 
that for * = I (resp. * = III, * = IV), this involves choosing an orientation on M (resp. [0,1], 
[0,oo]). 


4.6 S*-modules reld) and C,{E^) 

We now introduce the two S*-modules central to our dehnition of the virtual fundamental 
cycles, namely rel9) and C,{E^). 

Dehning (M* rel 9) as an S*-module is non-trivial for the following reason. We 

would like to associate to T G S* the complex relc?; A*(T)). However, a 

map T' —)• T does not induce a map on such complexes as desired, rather only a diagram: 







(4.31) 


Fortunately, this diagram also suggests a solution. Namely, we instead associate to T G S* 
a suitable homotopy colimit of ^’'’*(M*(T') rel 9, A*(T')) over T' G (S*)/r which is 

quasi-isomorphic to C'/(^™^^^’'"*(M*(T) rel 5; A*(T)) and has natural pushforward maps for 
morphisms T' —)• T. 

Definition 4.20 (Homotopy diagram). Let S be a hnite category (meaning # |S| < oo 
and t)/:H om(Ti,T2) < 00 for Ti,T2 G S). A homotopy diagram over S shall mean the 
following: 

i. Let denote the simplex category (so that a functor —)■ S is a chain of morphisms 

To Tp). For every functor cr : A^ —)■ S, we specify a complex A*(a), and for 

every map of simplices r : A'^ —)■ A^, we specify a map A* (a) —?• A*(cr o r). In other 
words. A* is a functor from the category whose objects are morphisms : A^ —>■ S 
and whose morphisms —?■ are factorizations A'^ —)■ A^ —)■ S. 

ii. We require that for any surjection r : A”? -» A^, the induced map A* (a) A* {a o r) 
is an isomorphism. 
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The coefficient systems A*(Tq Tp) relevant for us will actually only depend on the 

total composition Tq —?• Tp. 

In the case that S is a poset and the homotopy diagram only depends on the total 
composition Tq —)■ Tp, this notion of a homotopy diagram reduces to [Paris, Dehnition 
A.7.1]. 

Definition 4.21 (Homotopy colimit). Let S be a hnite category, and let A* be a homotopy 
diagram over S. We dehne: 

liocolimH* : = © © A*(Tq —)■■■■—)■ Tp)Aut(To^-^Tp) © Oap[p] (4.32) 

p>0 Tq—¥ - yTp 

where Tq ^ Tp denotes a chain of nontrivial morphisms in S (i.e. morphisms which 

are not isomorphisms). This homotopy colimit is just chains on the nerve of S, using A* as 
the coefficient system (this interpretation of (4.32) also specifies the differential and explains 
the appearance of Oap — Z, the orientation line of the p-simplex). 

In the case that S is a poset and the homotopy diagram only depends on the total 
composition Tq —)■ Tp, this reduces to [Paris, Dehnition A.7.2]. 

Let A* be a homotopy diagram over §. Then a functor /:©—)■§ induces a natural map: 

hocolim/*A* —>■ hocolim A* (4.33) 

7 S 

Let A* be a hnite collection of homotopy diagrams over Sj. Then there is an Eilenberg-Zilber 
quasi-isomorphism: 

hocolim A* ^ hocolim A* (4.34) 

Si Hi Si 

t I 

corresponding to the standard simplicial subdivision of x A‘^ into copies of 
Definition 4.22 (S*-module rel 9)). For T G S*, we dehne: 

C';ir(M*reia)(T) := hocolim rel 5, A*(T')) (4.3S) 

This is the homotopy colimit over the category (S*)/t, with a coefficient system depending 
only on the total composition Tq —?• Tp. The structure maps of the coefficient system are the 
maps illustrated in (4.31). The natural inclusion map: 

C'*,(M,(T)reia; A4T)) -G C'’,(M, rel a)(T) (4.36) 

is a quasi-isomorphism by [Paris, Lemma A.7.3], which uses the fact that each leftmost 
map in (4.31) is a quasi-isomorphism. Thus this homotopy colimit recognizes the fact that 
T G (S*)/r is a hnal object. 

Now (M* rel 9) naturally has the structure of an S*-module, as follows. A mor¬ 

phism T —)■ T' induces a natural pushforward map (4.33) induced by the functor {§*)/t —t 
(S*) /T', which is covered by a natural isomorphism of homotopy diagrams. Given a concate¬ 
nation {Tj}j, there is a natural Eilenberg-Zilber map (4.34) induced by the isomorphism 
{§*)/#iTi = which is covered by a morphism of homotopy diagrams coming from 

the product maps (4.7). 
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(4.37) 


Definition 4.23 (S*-module (7,(77*)). For T G S*, we define: 

C,{E,){T) :=hocolim(7.(E;^(T')) 

r'G(s*)/T 

This is the homotopy colimit over the category (S*)/'^, with a coefficient system depending 
only on the last object Tp. Again by [Paris, Lemma A.7.3], we have: 

H,{E,){T) = H.{E- A,{T)) = Q (4.38) 


As in Definition 4.22, C,{EA) naturally has the structure of a S*-module. The isomorphism 
above is in fact an isomorphism of S*-modules 77,(77*) = Q. 

There is a canonical map of S*-modules: 

^•^(M* rel d) ^ C'_,(E*) (4.39) 


induced by (4.4). 

Definition 4.24 (S*-module Hom(s*)/j,(Q[S*], (7vir(A[* rel 9))). For T G S*, we consider: 


Hom(s,)/^ (Q[S*], air(M* rel 9)) (4.40) 

Namely, an element of this group is a natural transformation of functors from (S*)/r to 
the category of graded Q-vector spaces, and we equip it with the usual differential d o f — 
(-l)ltl/ o d. 

Now (4.40) is a contravariant S*-module as follows. A map T ^ T' clearly gives a restric¬ 
tion map from homomorphisms over (S*) /t' to homomorphisms over (S*) /t- A concatenation 
{Tj}j induces a map in the correct direction by virtue of the fact that the concatenation maps 
for Q[S*] are isomorphisms. 


Lemma 4.25. The cohomology of (4.40) is canonically isomorphic as an S^,-module toT ^ 
H*{f}Ai{T)) eguipped with the Kiinneth product multiplied by |Aut({Tj}j/^jTj)|. 

Proof. First, observe that: 

Hom(s,p,(Q[S*],air(M*reia))= J] [o)^, <8) C'*,(Mireia)(T')]^"'^^'^^^ (4.41) 

T'^T 


Now there are natural quasi-isomorphisms: 


n 

T'^T 


^ - hocohm 


J'j'l 


T"'^T"G(S*)/y, 


(Mi(T"') rel 9; Ai(T")) 


Aut(r7T) 


(4.42) 


n 

T'^T 


4 ,0 hocolim im'" 


T'"^-T"e(S*)/r, 


(Mi(T"')reia;Ai(T)) 


Aut(r7T) 


(4.43) 


n [o)^,0C-r(Ati(T')reia;Ai(T))] 


Aut(T7r) 


(4.44) 


T’^T 
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The first map is increasing the atlas via (4.5), and it is clearly a hltered quasi-isomorphism. 
The second map collapses the hocolim (i.e. the natural pushforward on p = 0 direct sum¬ 
mands and zero for p > 0); it is a quasi-isomorphism because each inclusion (4.36) is a 
quasi-isomorphism. 

Now [Paris, Proposition 6.2.3] implies that (4.44) is canonically isomorphic to H*{'Mi{T)) 
as a functor on §*, and Lemma 4.5 implies that the concatenation maps agree with the 
Kiinneth cup product maps. Note that we are applying these results in slightly greater 
generality than they are stated, since the stratihcations in question are merely locally cell- 
like and not globally cell-like; nevertheless this is not an issue since their proofs are entirely 
local. □ 

Lemma 4.26. There exists a map of §>t,-modules: 

Q[§*] ^C'**(M,reia) (4.45) 

with the following property. Such a map determines a cycle in (4.40) for all T G S*, and 
thus by Lemma f.25 determines an element o/iL°(M*(T)). We require that this coincide 
with the class of the constant function 1 G iL°(M*(T)) for all T G S*. 

Proof. We argue by induction on T. For T non-maximal, write T = ffiTi with T, maximal. 
For non-maximal T, cohbrancy of Q[S*] (see Lemma 4.29) determines the map completely 
on Q[S*](T), and the map has the desired property by Lemma 4.25. For maximal T, consider 
the following restriction map: 

n [o^, OC'-,(Mireia)(T')]^"'^^'^^^ ^ H 0 C'-,(Mireia)(T')]^"'^^'^^^ 

T'^T codim(T7r)>l 

(4.46) 

The part of the map dehned thus far determines a cycle on the right, which we must lift to 
a cycle on the left in a particular cohomology class. Since (4.46) is surjective, it suffices to 
show that the desired cohomology class on the left is mapped to the given cohomology class 
on the right. Now the argument in the proof of Lemma 4.25 shows that on cohomology, the 
map (4.46) is just the restriction map iL*(Mi(T)) —)■ iL*(9Mi(T)). So by the sheaf property 
for it suffices to show equality after further restriction to iL*(Mi(T')) for all nontrivial 
morphisms T' —)■ T. This holds by the induction hypothesis, so we are done. □ 

4.7 Cofibrant S^-modules 

We would like to upgrade the isomorphism of S*-modules = Q to a quasi-isomorphism 

of S*-modules C,{E^) A- Q. Unfortunately, the natural strategy to construct such a quasi¬ 
isomorphism, namely by induction on T, fails. As a substitute, we introduce the notion 
of a cofibrant S*-module, and we construct a cohbrant S*-module C^°^{E^) with a natural 
quasi-isomorphism C'“^(U*) ^ C,{E^,). Now cohbrancy is exactly the condition which we 
need to see through the inductive construction of a quasi-isomorphism C™^{E^) ^ Q. The 
resulting diagram: 

C,{E,) ^ Cf{E,) ^ Q (4.47) 

turns out to be enough for our purposes. 
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Definition 4.27 (Cofibrant S*-module). An S*-module X* shall be called cofibrant iff it 
satisfies the following two properties: 

i. For all concatenations {Tj}j in S*, the induced map: 

i 

is an isomorphism. Note that this follows if (4.16)/(4.18)/(4.20)/(4.21) is itself an 
isomorphism. 

ii. For maximal T G S*, the map: 




(4.48) 




colim X,(T')^X,(T) (4.49) 

codim(T'/r)>l 

is injective. More precisely, the left side denotes the colimit over the full subcategory 
of (S*)/r spanned by objects T' —)■ T with codim(T'/T) > 1. In fact, injectivity of 
(4.49) for maximal T implies injectivity for all T, as we now argue. Indeed, fix T G S*, 
and write T = for maximal trees Tj. Now we have (S*)/t = nj(S*)/Ti- Consider 
the cubical diagram: 



colim X^{T-) 

codim(T//ri)>l 


X,(Ti) 


(4.50) 


Now (4.49) for T is precisely the map to the top vertex of the cube (4.50) from the 
colimit over its remaining vertices. This map is clearly injective given that each map 
in (4.50) is injective. 

Note that for (Sj*^, Sn)-niodules, the above conditions are imposed over each of Sf, Sn, and 
so on. 

Cofibrancy of an S*-module X* is important because it allows us to construct maps out 
of X* by induction on T G S*, partially ordered as in Definition 4.30. 

Remark 4.28. If we were working over Z, it would be important to require that (4.49) be 
injective with projective cokernel. 

Lemma 4.29. The §>^-module Q[S*] is cofibrant. 

Proof. The concatenation maps are isomorphisms by definition since (S*)/#.Ti = ni(S*)/Ti- 
Let us now show that: 

.Qis-l(r') « Q[s.](r) (4.51) 

codim(T'/4 )>1 

is an isomorphism onto the subspace of Q[S*](T) generated by those T' G |(S*)/t| of codi¬ 
mension > 1 (certainly this is sufficient). 

Both sides of (4.51) are graded by | (S*) /t|, so it suffices to fix T' G | (S*) /t\ of codimension 
> 1 and show that (4.51) is an isomorphism on T'-graded pieces. The map (4.51) is certainly 
surjective onto the T'-graded piece Ot' C Q[S^](T). Moreover, there is a section from o-p' 
back to the left side of (4.51) via the inclusion o^' C Q[S^,](T'). Now it is enough to argue 
that this section is surjective (onto the T'-graded piece), but this is clear since Q[S*](T") 
contributes to the T'-graded piece exactly when there is a factorization T' —)• T" —>■ T. □ 
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Definition 4.30 (Partial order on |S*|). For T,T' G S*, let us write T' ^ T iff there 
is a morphism —)• T with some Tj isomorphic to T'. We claim that ^ is a partial 

order. Indeed, reflexivity and transitivity are immediate. Antisymmetry follows from our 
restriction to effective trees and compactness. Compactness also implies that the partial 
order ^ is well-founded (i.e. there is no infinite strictly decreasing sequence Ti >- T 2 >- ■ • •), 
and hence induction on |§*| partially ordered by ^ is justified. 

Definition 4.31 (Cofibrant S*-module C^°^{E^)). We now define a cofibrant S*-module 
together with a quasi-isomorphism: 

Cf{E,) ^ C.{E,) (4.52) 


which is surjective for maximal T. Furthermore, the action of the “paths between basepoints” 
subgroup of Aut(T) on C^°^{E^){T) will be trivial for all T (as it is for C,{E^){T)). 

We construct C™^{E^){T) by induction on T, partially ordered as in Definition 4.30. For 
T non-maximal, write T = ffiTi with Ti maximal. Then the definition of cofibrancy both 
forces us to take C“^(F^*)(T) := (S)* C'“^(F^*)(Tj) and assures that the S*-module structure 
maps with target C^°^{E^){T) exist and are unique. For T maximal, consider the following 
diagram: 


colim 

codim (r'/T)>l 


C'“^(E,)(T0 G 


( 4 . 52 ) 

colim C,{E^){T') 

codim(r7T)>l 


-> C'“^(E,)(T) 

I 

I 

1 ( 4 . 52 ) 

I 

C.(E,)(T) 


(4.53) 


We define C'“^(F^*)(T) to be the mapping cylinder of the composition of the two solid maps, 
which clearly fits into the diagram as desired. Now the top horizontal map defines the 
S*-module structure maps with target C“^(i?*)(T), and the commutativity of the diagram 
ensures that (4.52) is a map of §*-modules. 

Lemma 4.32. Let 7 C (S*)/^^ be a full subcategory which is “downward closed” in the sense 
that T' ^ T and T G T implies T' G 7. Then the natural map: 

C,N,7 = hocolim CI°\E,)(T) cohm Cf{E,)(T) (4.54) 

is a quasi-isomorphism. In particular, the homology of the right side is supported in degrees 
> 0, and in degree zero is generated by the images of Hq°^{E,,)(T) for T E 7. 

Proof. We argue by induction on ff7 (note that |(S*)/r| is finite), the case ff7 = 0 being 
trivial. Pick a maximal object Tq G 7, so that (abbreviating X := C^°^{Ei)) there is a short 
exact sequence: 

0 -E- colim X(T) —)■ X(To)Aut(Tn) ® colim X(T) -E cohmX(T) —)■ 0 (4.55) 

Here Aut(To) denotes the automorphism group of Tq as an object of T. Right exactness is 
clear, and left exactness holds by injectivity of (4.49) for Tq and exactness of coinvariants 
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Aut(To) in the category of Q-vector spaces. Now there is an associated morphism of long 
exact seqnences from the long exact seqnence of hocolim to the long exact seqnence of colim 
indnced by (4.55). Now the indnction hypothesis in combination with the hve lemma gives 
the desired resnlt. □ 

Lemma 4.33. There exists a quasi-isomorphism of $^-modules: 

Cf{E,) ^ Q (4.56) 

inducing the canonical isomorphism = H,{E^) = Q from Definition 4-23. 

Proof. We argue by induction on T G S*, partially ordered as in Dehnition 4.30. For T 
non-maximal, write T = ffiTi for Tj maximal. Then cohbrancy of both forces us 

to take p*{T) := <S)iP*iTi) and assures that this choice is compatible with the maps dehned 
thus far. For maximal T, we would like to hll in the diagram: 


cohm Cr^(E.)(T0 >-. Cf{E^){T) 

codim (r'/T)>l 



(4.57) 


with a map C^°^{E^)[T) —)■ Q in a particular chain homotopy class. The horizontal map 
is injective since C^°^{E^) is cohbrant; it follows that it is enough to show that the dia¬ 
gram commutes up to chain homotopy. Let C, stand for the colimit above; then the map 
iLoHom(C,,Q) —?■ Hom(iLoC»,Q) is an isomorphism.^'^ Thus it suffices to show that (4.57) 
commutes on homology, which follows from Lemma 4.32. Finally, we may ensure p* is 
Aut(T)-invariant by averaging (this is necessary for p* to be a natural transformation of 
functors). □ 

4.8 Sets 01, 0n, 0iii5 0iv 

We now conclude by defining the sets ©i, ©n, ©m, ©iv which index all possible choices of 
the extra data necessary to fix coherent virtual fundamental cycles on the moduli spaces Mi, 
Mil, Mm, Miv. 

Definition 4.34 (Sets ©*). An element 6^6©* consists of two pieces of data. 

The first piece of data is a choice of finite Aut(T)-invariant subatlases S*(T) C A*(T) 
on M*(T) for all maximal T G S* (e.g. if * = II, we choose B^(T) C Af(T) and i?ii(T) C 
Aii(r)). Now we define B^{T) as in (3.1), and we use B^ in place of A* in the definitions 
from §§4. 6-4.7. 

we were working over Z, this map would be surjective with kernel ^nd we would need 

to invoke Lemma 4.32 to see that H-iC, vanishes. 
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The second piece of data is a commuting diagram^^ of S*-modules: 




p* 


^vir 


-fvdim 


(M* rel d) 


( 4 . 39 ) 


( 4 . 52 ) 


> C'_.(E,) 


(4.58) 


satisfying the following properties: 

• We require that p* induce the canonical isomorphism = Q from 

Dehnition 4.23. 

• We require that w* satisfy the conclusion of Lemma 4.26. 

Note that there are natural forgetful morphisms: 

0 II ^ © 1 + X 0 f ( 4 . 59 ) 

©III ©ii ° Xq+^q- ©jj ( 4 . 60 ) 

©IV —^ ©ii^ >< 00 x 02 (©i/ X 0 i ©n ) ( 4 . 61 ) 

This completes the dehnition of ©*. 

Definition 4.35 (Virtual moduli counts). An element 0 G ©* evidently gives rise to a 
morphism of S*-modules o : Q[S*] —)• Q. Such a morphism corresponds to virtual 
moduli counts satisfying the relevant master equation by Remark 4.19. 

Lemma 4.36. Suppose M*(T) is regular and vdim(T) = 0. Then M*(T) = M*(T) and 
#M*(r)f = #M,(T). 

Proof. There are no nontrivial (effective) T' ^ T for dimension reasons, so M*(T) = M*(T). 
Now let us evaluate the diagram (4.58) at T and take cohomology to get: 


Oj' 


rrr\.., ^ 

H [Jn^{T), >• 


id 


id 


(4.62) 


Unravelling the isomorphism in Lemma 4.26, we see the left vertical map is just the tau¬ 
tological map to via the identihcation = Oy. The bottom horizontal map is by 

dehnition the virtual fundamental class [M*(T)]'''’^ from [Parl5, Dehnition 5.1.1]. Thus it 
suffices to show that the virtual fundamental class [M*(T)]''^’^ coincides with the usual fun¬ 
damental class given that M*(T) = M*(T)’'®®. For * g {I, II}, this is just [Parl5, Lemma 
5.2.6]. 

^^Note that the categories §* are essentially small, so the collection of such diagrams forms a set. 
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For * G {III, IV}, we cannot immediately cite [Paris, Lemma 5.2.6] since the notion of 
regnlarity in Theorems III, IV is less restrictive than the one in the rest of the paper (see 
Remark 2.23). It snffices, thongh, to observe that the implicit atlas on M*(T) remains an 
implicit atlas if we nse this less restrictive notion of regnlarity. The only thing to check is that 
the manifold/openness/snbmersion axioms still hold, bnt this is trivial since all thickened 
modnli spaces consist only of the top stratnm M*(T)/, and hence can be described by the 
nsnal Banach manifold Fredholm setnp. □ 


Lemma 4.37. The set 0i is non-empty (resp. (4.59)-(4.61) are surjective). 


Proof. Concretely, we mnst constrnct p*, w^, as in Dehnition 4.34. We will in fact give 
a constrnction of snch data by induction on T G S* with respect to the partial order from 
Dehnition 4.30. Note that the indnctive natnre of onr proof (in addition to being the only 
reasonable approach) implies snrjectivity of (4.59)-(4.61) (as opposed to mere non-emptiness 

of ©ii, ©HI, ©iv)- _ 

Finite snbatlases B^{T) C A^{T) exist since each M*(T) is compact, and can be made 
Ant(T)-invariant by taking a nnion of translates. 

The existence of p* and follow from Lemmas 4.33 and 4.26 respectively. Note that 
both are proved by indnction on T, so their nse here is permissible. 

To show the existence of w*, we argne by indnction on T. Note that Q[S*] is cohbrant 
by Lemma 4.29. For non-maximal T, cohbrancy of Q[S*] determines w^{T) nniqnely and 
implies that the diagram still commntes. For maximal T, we are faced with the following 
lifting problem: 


colim Q[S*](T') 

codim(T7T)>l 


Cf{E,){T) 

(4.52) 




(4.63) 


The left vertical map is injective by Lemma 4.29, and the right vertical map is a snrjective 
qnasi-isomorphism by Dehnition 4.31. All fonr complexes are bonnded below. Now Lemma 
4.38 ensnres that a lift exists, and we make it Ant(T)-eqnivariant by averaging. □ 

Lemma 4.38. Consider a diagram of chain complexes hounded below over a ring R: 


A. -> V. 

T 

/ 

y 

•A- y -47 

B. -> V. 


(4.64) 


where the right vertical map is a surjective guasi-isomorphism and the left vertical map is an 
injection whose cokernel is componentwise projective. Then there exists a lift as illustrated. 

Proof. This is the fact that “cohbrations have the left lifting property with respect to acyclic 
hbrations” in the projective model strnctnre on Ch,>o(R). It can be proved by a straight¬ 
forward diagram chase. □ 
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4.9 Symmetric monoidal structure on 01, 011 

Proposition 4.39. There are functorial maps: 


iei 

eu{x,uj) 

i&I 


for (y,A,J) = y(y,,A„J,) 
i&I 

for {X,uJ) = [_\{Xi,u,J,) 
i&I 


preserving the virtual moduli counts. 

Proof. Note that (restricting to effective objects): 


Si(y,A,j) = ysi(y,,A„j,) 

i&I 

Sii(X, o), '^) = I_I Sii(Xj, (hj, Ji) 

iei 


for (y,A,J) = y(F„A„J,) 
iei 

for {X,ujJ) = [_\{X,,dv,J,) 

i&I 


(4.65) 

(4.66) 


(4.67) 

(4.68) 


so an Si(F, A, J)-niodule is the same as a tuple of Si(Fj, Aj, Ji)-modules for i G / (and the 
same for Sn-modules). There are also natural inclusions: 


Ai{Y, A, J)(T) G- Xi, Ji){T) for T e Si(y„ A„ J,) (4.69) 

Aln(X,ch, J)(T) G- Au{X,,Ui, J,)(T) for T e Sii(X,,d;„ J,) (4.70) 

Precisely, these maps preserve r, E, D, and extend A as zero on F \ 17 (resp. X \ Xi). 

Now the map (4.65) is dehned by taking the images of the sets Bi(T) under (4.69) and 
using the “same” diagrams of Si-modules. The map (4.66) is dehned similarly. It follows by 
dehnition that these maps are functorial and preserve the virtual moduli counts. □ 


5 Gluing 

This section is devoted to the proof of Theorems 3.23 and 3.24. Namely, we prove that 
the regular loci in the thickened moduli spaces (Mi)/, (Mu)/, (Mm)/, (Miv)/ admit the 
expected local topological descriptions in terms of the spaces Gi, Gu, Gm, Giv from §2.6, 
and we verify that the natural “geometric” and “analytic” maps between orientation lines 
agree. We will give the argument for all * G {I, II, III, IV} simultaneously. 

The result we prove here is very similar to the gluing theorem in Hutchings-Taubes 
[HT07, HT09a] (simpler, in fact, since we have no obstruction bundle); see also [Parl5, 
§§B-C]. 


5.1 Gluing setup 

Proof of Theorem 3.23. Fix * G {I, II, III, IV}, T G S*, / C J C M(T), T' — )■ T, and 
xo G M*(T')j with sj\i{xq) = 0 and '0/j(xo) £ M*(T')}^®. Denote by xq G M*(T)j® the 
image of Xq under the inclusion M*(T')j/Aut(T'/T) M*(T)j. Since Aut(TYT) acts 


freely on M*(T')j, the choice of lift Xq of Xq induces a stratihcation of a neighborhood of 
Xo G M*(r)j by (S*)T 7 /r- 

Our goal is to construct a germ of homeomorphism: 

((a)r 7 /T X Ej\j X MM(T')-#FdT')+dimE,^ ^ (M4T)j,xo) (5.1) 

which lands in and which commutes with the maps from both sides to {S^,)t'//t x 

s{T) X Ej\i. We denote by 0 G {G^)t>//t the basepoint corresponding to all gluing parameters 
equal to oo (i.e. corresponding to no gluing at all) and t = t(xo). 

The basepoint Xq corresponds to a map Uq : Cq ^ Xq and an element Cq ^ Ej O Ej, 
along with “discrete data” consisting of asymptotic markers, matching isomorphisms, and 
markings : {Co)^ Mo^E±{T^)u{i,...,r^} for a e J. 

5.1.1 Domain stabilization via divisors j and points j 

We hrst stabilize the domain Cq by adding marked points where it intersects certain 
divisors D^ i, arguing much the same as we did in §3.5. Such divisors automatically stabilize 
the domains of all maps in a neighborhood of Xq G M*(T)j, and thus we need only consider 
stable domain curves in the main gluing argument which follows. 

For every vertex v G V{T'), we add marked points G (Co),; and choose divisors (local 
codimension two submanifolds) C (Xq)?; (required to be M-invariant if n is a symplecti- 
zation vertex) with Mo(?i;,i) G intersecting transversally, such that (Co),, equipped with 
the marked points {pv,e}e and {qv,i}i is stable. 

To show the existence of such points, it suffices to show that each unstable irreducible 
component of (Co)„ (equipped with just {pv,e}e as marked points) has a point (and hence a 
non-empty open set) where duo (resp. Ti^duo if n is a symplectization vertex) is injective. If 
(Co),; ^ (Co)a for all a E I, then Mol (Co),, is Jy-holomorphic and the existence of such points 
follows from the arguments given in the proofs of Lemmas 3.18 and 3.20. For components 
(Co),; C (Co)a for some a E J, such points exist since m,;|(Co),; satishes Dehnition 3.10(iii). 

5.1.2 Glued cobordisms Xg and points q'^ 

Given any^® gluing parameter g E (C*) 7 ’ 7 /r, we may form the glued cobordism Xg as 
follows. Note that Xq is equipped with cylindrical coordinates (1.9)-(1.10) in each end. 
Now we truncate each positive (resp. negative) end [0, cx)) x (resp. (—oo, 0] x W) to 
[0,9e\ X Ye (resp. [—Qe, 0] X Ye) and identify truncated ends by translation by Pe (if Qe = oo 
we do nothing). By construction, Xg is the target for pseudo-holomorphic buildings of type 
T' -E Tg (i.e. the image of g under the map {G*)t'//t 

For every symplectization vertex v E Vs{T'), £x a section of the universal curve over a 
neighborhood of Cq G Mo,E±(T')u{g„ , such that g'(Co) G (Cq),,. Now over a neighborhood 

of Xq G M*(r)j, the sections g' determine poinits in the domain of each map. Over this 
neighborhood, we can identify the target with Xg for a unique g E {G^)t'//t by requiring 

^®A11 statements involving a choice of g G (GP)t'//t carry the (often tacit) assumption that g lies in a 
sufficiently small neighborhood of 0. 


59 



that each q'^ be mapped to the corresponding “zero level” 0^ C Xg (i.e. the descent of 
0, := {0} X n C Xo). 


5.1.3 Family of almost complex structures jy on Cq 

We now proceed to £x a family of almost complex structures on Cq inducing a diffeomorphism 
onto the relevant moduli space of marked Riemann surfaces. Let N O Cq denote the set of 
nodes (excluding {pv,e}v,e), and let := N O {Co)^. 

For every vertex v G V{T'), fix a linear map: 

^ . c2#R..e}e+#te,h-#iv„-3 ^ cr ((Co). \ ({g.,i}. U U X.), End°'i(T(C'o).)) (5.2) 


inducing an isomorphism onto the tangent space to e}e)( 2 ) {^o)v equipped 

with its marked points {pv,e}e and {qv,i}i- Denote by jo the almost complex structure on Co- 
Let: 

a. := g._ JJ a. (5.3) 

vev{T') 

For any^^ y G a., let jy := joe^^^^ (an almost complex structure on (Co).). This induces a 


local diffeomorphism: 


Cr ^#nodes=#Af„ 

Ov t 0,{g„_i}i + ({pu,e}e)( 2 ) 


(5.4) 


5.1.4 Cylindrical coordinates on Co and Xo 

We now £x positive (resp. negative) holomorphic cylindrical coordinates: 

[0, cx)) X — )■ Co (5.5) 

(—00,0] X 5^ —)■ Co (5.6) 

near each positive (resp. negative) puncture. We also fix such cylindrical coordinates on 
either side of each node n G X (choosing which side is positive/negative arbitrarily). We 
assume that with respect to these hxed cylindrical coordinates, we have: 

Mo(s,t) = (Ls, 7 (t)) + o(l) as |s| —)■ oo (5.7) 

(i.e. the constant b in (2.1) vanishes) with respect to the cylindrical coordinates (1.9)~(1.10) 
on Xo- To ensure that we can achieve (5.7), we allow the possibility that (5.5)-(5.6) are only 
dehned for |s| sufficiently large. 

5.1.5 Glued curves Cg and points q'j 

Given any^® gluing parameter a G x C'^ (i.e. one for each interior edge of T' and 

one for each node n G X), we may form the glued curve Cq as follows. For each interior 

^^All statements involving a choice of y G 3. carry the (often tacit) assumption that y lies in a sufficiently 
small neighborhood of 0. 

^®A11 statements involving a choice of a G T ) x <C^ carry the (often tacit) assumption that a lies in 
a sufficiently small neighborhood of 0. 
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edge V v' (or node n E N), we truncate the positive (resp. negative) end [0, cx)) x 
(resp. (—00,0] x S'^) to [0,5'] x 5'^ (resp. [—5', 0] x 5'^) and identify them by s = s' + S' 
and t = t' + 9 where a = (if a = 0 we do nothing). Note that the points and 

the complex structures jy both descend naturally to both Ca- This operation gives local 
diffeomorphisms: 

2lv X -)■ + 

a X ^ Yl Mo,fe,iP + ({p„,e}e)(2) 
v&V{T) 

The glued curve is actually a bit too general for our purposes: in the current setting the 
gluing parameters at interior edges must come from the same gluing parameters g E {G^)j''//t 
used to glue the target cobordism. 

So, given a gluing parameter g E (G*)r 7 /T x C-^, we dehne Cg as above, where the gluing 
parameters at interior edges are given by S'g := L~^ge and the unique 9e corresponding to 
the given matching isomorphism —>■ Sp^, JJ^'- For e with g^. < oo, let q” E Cg denote 

the point in the middle of the corresponding neck, namely s = ±^5' with respect to the 
coordinates (5.5)~(5.6) (the angular coordinate t G 5'^ of g" is irrelevant as long as it is 
hxed). Now for any hxed g E {G^)t'//T) this construction gives a map: 


(5.8) 

(5.9) 


a X -> 


n ^ 


+ }e'->D + ({pi;.e}e)(2) 


v&V(T') 


(5.10) 


Moreover, this is a diffeomorphism (onto its image) when restricted to some neighborhood 
of 0 G a X of uniform size independent of g near zero. 

The purpose of including the points q” as part of the glued data is precisely so that 
(5.10) is a local diffeomorphism. We will impose a codimension two condition on maps at 
g", so that over a neighborhood of xq E M*(T)j, the point g" in the domain is determined 
uniquely, and hence the parameters (g, a) G 3 x are determined uniquely. 

We denote by g(, G {Cg,jy) the value of the section g(, at {Cg,jy) for g E {G^)t'//t x 
and g G a (note that this g(, may not coincide with the descent of g(, G Co, even for g = 0). 


5.1.6 Preglued maps Ug 

We now dehne a “preglued” map Ug ■. Cg ^ Xg close to mq : Co — )■ Xq. As we shall see later, 
this preglued map is very close to solving the relevant (thickened) pseudo-holomorphic curve 
equation. Our goal will then be to understand the true solutions near Ug and to show that 
this construction gives a local parameterization of the moduli space near uo- 
Fix a smooth (cutoff) function y : M ^ [0,1] satisfying: 

, , f 1 a: < 0 , , 

,\(i) = h ", (5.11) 

10 a; > 1 

Definition 5.1 (Flattening). For g E {G^,)t'//t x C'^, we dehne the “battened” map: 

Uo\g ■ Co —)■ Xo (5-12) 
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as follows. Away from the ends, Uo\g coincides with uq. Over a positive end asymptotic to a 
parameterized Reeb orbit ^{t) := Mo(c) 0 ,t), we dehne UQ\g as: 


{ Mo(s,t) 

exp(L,,^(i)) x{s- 1^) • 

(s,7W) 

Over a positive end at a node n E N, we dehne Uo\g as: 


s < 

— D 


lS<s<lS + l 
lS + l<s 


(5.13) 




Uo{s,t) 

exp„o(„) 

(s,7(^)) 




•exp,oV)“o(s>^) 


s<^S 

— O 

is <s<ls + l 

1^+1 <s 


(5.14) 


An analogous dehnition applies over negative ends. Here exp : TXo —t Xq denotes any hxed 
exponential map (i.e. a smooth map dehned in a neighborhood of the zero section satisfying 
exp(p, 0) = p and dexp{p, •) = id.j,^j^^) which is M-equivariant in any end. 

Definition 5.2 (Pregluing). For g G {GS)t'//t x C^, we dehne the “preglued” map: 


% ■ C'g W 


(5.15) 


as the obvious “descent” of UQ\g from Co to Cg. 


5.2 Gluing estimates 

With the above setup understood, our aim is now to describe the “true solutions” close to 
the “approximate solution” Ug : Cg ^ Xg. This forms the core part of the gluing argument. 

5.2.1 Weighted Sobolev norms 

Our hrst step is simply to hx norms on the Sobolev spaces relevant for us. More 

precisely, what is important is the choice of norms up to commensurability uniform in g near 
zero, since all of the key gluing estimates must be uniform in the limit p —>■ 0. Fix metrics 
and connections as in Dehnition 2.17 on Cq and Xq with respect to the ends hxed above and 
which (for convenience) agree across the parts to be glued (thus descending to Cg and Xg). 

Away from the ends/necks of Cg, we use the usual IF^’^-norm. In an end asymptotic to 
a Reeb orbit, the contribution to the norm squared is: 

» k 

/ VlDVf (5.16) 

J[0^oo)xS^ j=Q 

In an end asymptotic to a node n E N, we distinguish two cases: for Sobolev spaces of 
(0, l)-forms on Cg, we use (5.16), and for spaces of functions we allow decay to a constant, 
i.e. the contribution to the norm squared is: 

» k 

l/(«)l"+/ W\Di[! - dsdt (5.17) 

7[0,00)XS1 j_g 
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The contribution of a neck is given as follows (first is for necks over Reeb orbits and necks 
over nodes for spaces of (0, l)-forms; second is for necks over nodes for spaces of functions): 


1 



/ {^S, t) dt 



P k 

/ El^'/ 

d[0.S]xSi 


2 g2(5 min(s,S—s) 


dsdt (5.18) 


1 


'51 


/ (Is*, t) dt 


^25 minis,S-s) (5.19) 


We use parallel transport to make sense of the differences f—f{n), etc. To meausre/differentiate 
(0, l)-forms, we use the usual Riemannian metric on [0, oo) x (resp. [0, S] x S"^) and usual 
flat connection on forms. 

Different choices of metrics and connections yield norms which are uniformly equivalent 
for any hxed k > 0 and admissible 6. 

Remark 5.3. For the purposes of the gluing argument which follows, it is sufficient to work 
with some fixed choice of sufficiently large k and admissible h > 0. Nevertheless, we will try 
to be precise about exactly where these constraints on k and 5 are needed. Also note that, 
although the choice of (fc, 6) affects the constants appearing in most estimates, it does not 
affect any of the actual maps we will study and/or construct. 

Note that we now put weights over the nodal ends, whereas earlier we dehned the lin¬ 
earized operator (3.10) on Sobolev spaces without weights near the nodes. It is therefore 
crucial to observe that adding weights does not change the kernel or cokernel of the lin¬ 
earized operator. To verify that this indeed is the case, argue as follows (assuming k > 2 
and admissible 5 > 0). Let us temporarily use to denote the Sobolev spaces dehned 

above (namely with weights in both the Reeb and nodal ends) and to denote the 

Sobolev spaces from Dehnition 2.18 with weights only in the Reeb ends; thus there are dense 
inclusions ^ iYk,2,5,5^ map on kernels is obviously injective, and the map on cok¬ 

ernels is obviously surjective. To show surjectivity on kernels and injectivity on cokernels, it 
suffices to show that if = r] with ^ G ^ ^ y^k-i, 2 ,s^ then ^ G gg 

distributions, we have = r/ -f- e, for some distribution e supported over the inverse images 
of the nodes C C^. By elliptic regularity, it suffices to show that e = 0. But now for any 
smooth test function ip supported over a small neighborhood of A^, we have: 


(e, p) = {Di -r],p) = (^, D*p) - {r], p) (5.20) 

The hrst term is bounded by c • ||</3||i,i since D* (the formal adjoint) is hrst order and 
^ G C C^. The second term is bounded by c • \\p \\2 since r] G C L^. Now 

e is supported at a hnite number of points, so must be a linear combination of 5-functions 
and their derivatives, but these do not satisfy such bounds (recall that (7° since we 

are in two dimensions). 
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5.2.2 Nonlinear Fredholm setup for fixed g 

We now formulate precisely what we mean by “solutions close to Ug ■. Cg ^ Xg”. What we 
mean is “small zeroes of 3^g”, where 3^g is the map: 

y,: u ; tx ,) a,. , e a e £; 

^Ras®K-RA^('?e )=0 

^ u*{TXg)j ®c (5.21) 

9t Ogr 

defined as follows: 


®»K.!/.e) := 


(PTS 


exp„g 


4) (d(exp„^ 0 + 5^ ^a((eo + e)«)(0i, exp„^ o) , 


Cfg J 


0,1 


© 0 7rK(exp„^0 (?(,(!/)) 

veVs(T') 


(5.22) 


We explain the notation. We denote by exp : TXq —)■ Xq a fixed exponential map which is 
M-equivariant in ends and over symplectizations and agrees across the parts to be glued, thus 
descending to Xg. We fix a Jo-linear connection on TXq which is M-equivariant in ends and 
over symplectizations and agrees across the parts to be glued, thus descending to Xg. We 
denote by PT®‘ parallel transport with respect to the J^^-linear part of this fixed connection. 
The map 4 • ^cl,jy ^Cg,io denotes the composition ^cl,jy ^Cg ©k *1^ ^Cg,io (''^hi^h 
is C-linear). 

The map Tg is defined over the ball of some fixed radius 4 ^ > 0 uniformly in g near 
zero, for any k > 3 and admissible 5 > 0. The constraint k > 3 ensures that ^ C^, 
which is needed so that defined for ||^||fe, 2,<5 small. 


5.2.3 Estimate for ||Tg(0)|| 

We now show that Tg(0) is very small (i.e. the preglued map Ug ■. Cg ^ Xg is very close to 
being a true solution). 

Lemma 5.4. We have: 

||©,(0)|U-i,2,5 ^0 asg^O (5.23) 

for all k > 1 and admissible S. 

Proof. Away from the necks and ends, the 1-form part of Tg(O) is only nonzero because of 
using 4t place of Jq. This difference clearly goes to zero as gf —)■ 0. 

Over Reeb ends, the 1-form part of Tg(0) is identically zero. Over Reeb necks, the 1- 
form part of Tg(0) is supported near 15 and |5, and the desired estimate follows from the 
exponential convergence of (5.7) and the fact that 5 is admissible. 

The same applies to nodal ends/necks, except that in addition there is a term coming 
from using 4t l^^ place of Jq. This again is bounded as desired since 5 < 1. 

The M^“l^ 1 part of Tg(0) satisfies the desired estimate since E (O^, jo) approaches the 
descent of g' E (Co, jo) as g ^ 0. □ 
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5.2.4 Regularity of the map 3^g 

We now estimate the regularity of Jg, i.e. we give uniform upper bounds on its derivatives 
near zero. This estimate is used when we apply the (Banach space) inverse function theorem 
to understand T“^(0) near zero. 

The hrst term in Jg (the usual pseudo-holomorphic curve equation) is smooth and local. 
The second term (the “thickening” terms A^) is non-local; its only non-smoothness comes 
from the association ^ ^ 4>a- thus is as long as the function which assigns to ^ the set 
(exp„^ is C^. By the inverse function theorem, this is the case whenever 

which in turn holds whenever k > i + 2. The third term is also whenever 
(these both come down to the fact that the evaluation map X) x C* —?• X is of class 

whenever ^ Qiy 

The following “quadratic estimate” is the specihc type of bound on the derivatives of 
which we will use later. Of course, much more should be true, namely that Tg is uniformly 
for k > i + 2, but for simplicity we will only state what we need. 

Proposition 5.5. For ||Cllt, 2 ,j. “e 


|y;(o,o^'W 


k,2,5 


(5.24) 


for constants Ck,& < oo and ^ > 0 uniformly in g near 0, for all k > A and admissible 

5 > 0. 


Proof. This may be proved by a straightforward (albeit long) calculation, treating each of 
the three terms in (5.22) separately. It suffices to write down precisely the above argument 
that Tg is of class and observe that the resulting estimates are all uniform over g near 
0. We omit the details. □ 


Note that integrating (5.24) from ,^i to ^,2 gives: 

111 ^ 5(^1 - 6) - (% - %)|L_i, 2,5 ^ • 11^1 - 6||fc,2,5 ■ max(||^i||fc 2^5 

for Il6llfc,2,5) ll'^2||fc,2.5 < 4,5- 
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\k,2,5) 


(5.25) 


5.2.5 Bounded right inverses and kernel gluing I: relating Dq and Dg 

The hnal step in understanding ^(0) is to construct a sufficiently nice bounded right inverse 
Qg for Dg := T(^(0, •). In particular, we will need show that ||(5g|| is bounded uniformly for 
g near 0, and that imQ^ “varies continuously” (in a sense which we will make precise) as g 
varies. We will also construct a natural “kernel gluing” isomorphism kerDo keriA^. 

To study the linearized operator and in particular to construct Qg, we consider the 
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following diagram, which allows us to relate Dg to D^. 


ulT.%) ® 3 ® «;(T.Y,)^_ 0c fig) ® 

7rM0s ^(Qe) = ^ 


calib 


TV«‘(C„ , e 3 e 

glue 


Da 


u*g{TXg) J ®C e 


break 


KJx^)n,.,),,Tb... ® a ® «;i,(T.Y„) 0c fig) ® 

PToidi'O 


PT 




Oo 


uliTX^) ®c 


(5.26) 

The horizontal maps D are all uniformly bounded (T*o|g is dehned as Dq except with UQ\g in 
place of Mo). The maps PT are parallel transport with respect to the hxed connection on 
TXq] they are uniformly bounded, as is id^’° : (TXo)j^ —?• (TXo)j^^. 

Let us dehne the break map from (5.26). Fix a smooth function y : M ^ [0,1] such that: 


X{x) = 



X{x) + x{-x) = 1 


(5.27) 


Now break(? 7 ) is simply r] except over the ends of Co, where we dehne it to be: 

r]{s, t) s < |S' — 1 

break(r 7 )(s, t) := x(s - ^S) ■ r]{s, t) ^S-l<s<^S + l 


(5.28) 


0 


\S + l<s 


Thus the “trace” of break(r 7 ) from Cq to Cg (adding along hbers) is precisely rj. The norm 
of break is uniformly bounded. 

Let us dehne the glue map from (5.26). The map glue acts only on the vector held 
component (it acts identically on the other components). Away from the necks, we set 
glue(.^) := and in any particular neck [0,5] x 5^ C Cg, we dehne (respectively for necks 
near Reeb orbits and necks near nodes n G N)\ 


glue(0(s,t) 


glue(0(s,t) 



s<\S-l 

x{s - |5)^(s, t) + x(|5 - s')^(s' 

,t') i5-l<s<|5 + l 

as'.t') 

§5 + 1 <s 

i{s,t) 

i{n) + x{s - |5)[^(s,t) -^(n)] 

.<15-1 

+ x(i^-s')[e(s',t')-e(n)] 

i5-l<s<|5 + l 


§5 + 1 < s 


(5.29) 


(5.30) 


66 















(noting the corresponding ends (s,t) G [0, oo) x C Cq and G (—oo,0] x C Cq, 

glued via s = s' + S and t = t' + 9). The norm of glue is uniformly bounded. 

Let us dehne the calib map from (5.26). For every edge e G i?‘“*(T') with < oo, we 
consider the vector held Cg —)■ u*TXg given in this neck by: 

X(s - |5')x(|5 - s') • dsUg (5.31) 


We denote by X the C-span of these vector helds. Now we have: 


W'^’^’\Cg,u*TX, 


9>^{qv,i)&TD, 


= W^^^’\Cg,U*TXg) 


i{qv,i)eTD„^i 
’’■R8s®KHx?('?e )=0 


X 


(5.32) 


and the map calib is simply the associated projection onto the hrst factor. The norm of the 
projection onto the second factor is uniformly bounded since g" G [0, S] x is given the 
largest weight in (5.18) and 5 > 0. Thus calib is also uniformly bounded for 5 > 0. 

This completes the dehnition of the maps in (5.26), all of which are uniformly bounded. 


5.2.6 Bounded right inverses and kernel gluing II: estimates 

The diagram (5.26) does not commute, but is very close to commuting for g close to zero, 
as the following estimates make precise. 

Lemma 5.6. ITe have the following estimates: 

IIPToDo-^oIsoPTII ^0 (5.33) 

||(T>gOglue)(0-hll = o(l) ■ ll^ll /or break(r7) = Doig^ (5.34) 

||Ilg o calib — Ugll —)■ 0 (5.35) 

as g —)■ 0, for any fixed k > 2 and admissible 5 > 0. 

Proof. To prove (5.33), argue as follows. The hrst diherence between the two operators 
is over the [^S, oo) x subset of some ends. In this region, both are linear diherential 
operators, which we may write in local coordinates {s,t) on Cq and exponential coordinates 
on the target near the asymptotic orbit or point. The desired bound then follows from the 
exponential convergence of (5.7) (near n E N, observe that smoothness of mq implies decay 
of all derivatives like in cylindrical coordinates). The second diherence between the two 
operators is Jq vs Jg^, and this is also bounded as desired, since Jg^ —)■ Jo in C'°°. 

To prove (5.34), argue as follows. The diherence is only nonzero over the {[^S — 1, IS*] U 
[l^, + 1]) X subsets of each neck. By symmetry, we discuss only the [l^, IS* + 1] x 

part, where it equals Do\g{x{s — |S')/(s,t)). Now we note that Do\g{x{s — |S')/(s,t)) has 
fF^“i’^’'^(C'o)-norm bounded by But we are interested in the hF^“^’^’^(Cg)-norm, 

where the weight is smaller by a factor of , giving the desired estimate since 5 > 0. 

To prove (5.35), argue as follows. It suffices to show that ||i7g(X(,^))|| = o(l)||/||, where 
X(,^) G X denotes / — cahb(/), i.e. the second projection in (5.32). Note that ^(g") (which 
determines X(^)) is bounded in norm by a constant times 2,<5 (i-e. ||^||fc, 2,5 divided 

by the weight in the middle of the neck). Now Dg{X{^)) is only nonzero over the ([|S' — 
1, ^S] U [|5, If + 1]) X subsets of each neck, where the weight is Its norm is thus 

bounded 2 , 5 , giving the desired result since 6 > 0. □ 
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5.2.7 Bounded right inverses and kernel gluing III: goal 


Recall that by assumption, Dq is surjective and the natural projection kerDo Ej\i is 
surjective; indeed, this is what it means for 'il^ij{xo) to he in Let Qo denote any 

bounded right inverse for Dq, meaning DqQq = 1. Then we have a direct sum decomposition: 

® d ® Ej = kei Do ® im Qo (5.36) 

In fact, choosing a bounded right inverse Qo is equivalent to choosing a closed complement 
imQo of kerDo- The classical Banach space implicit function theorem (taking as input Qo 
and the quadratic estimate (5.24)) then implies that the map from Tq^(O) to ker Do by 
projection along imQo is a local diffeomorphism near zero. 

Our goal is to generalize this setup to 5 ^ in a neighborhood of zero (using (5.26) and 
Lemma 5.6). Namely, we will construct a right inverse Qg for Dg (equivalently, we will 
choose a complement imQ^ for ker Dg), so we that have a direct sum decomposition: 


W^^^^\Cg,U;TXg) 




®2i®Ej = keiDq® im Q. 


(5.37) 


The same implicit function theorem argument applies as long as ||Qg|| is bounded uniformly 
for g near zero. Note also that uniform boundedness of Qg implies that both projections in 
(5.37) are uniformly bounded (since they are given by 1 — QgDg and QgDg respectively). 

Now to ensure that the individual parameterizations of T“^(0) by Kg near zero £t together 
continuously as g varies, we also need to show that the direct sum decomposition (5.37) is 
“continuous in g" in some sense. Let us now describe more precisely the sense we mean. For 
some points Wi E Co \ {{pv,e}v,e U N), consider the linear functional: 


Lo : W’^’^’\Co,u*oTXo: 


^{qv,i)&TK 


^ t (^^TuQ(wi)Xo®3®Ejj j B (5.38) 


for some subspace B projecting trivially onto Ej^j. Fix B so that LolkerDo is an isomorphism; 
this is possible since ker Do —)■ i7j\7 is surjective. Since To I ker Do is an isomorphism, we have 
a direct sum decomposition: 

W^’‘^’^(Co, UqTX o)^(^g^ i)&TD „. © J ® Ej = ker Dq © ker Lq (5.39) 

Now denote by: 


Lg : 


{Cg,UlTXg) 


77K8seKHx?('3'e)=0 


8 ® Ej ^ (^^Tug(wi)^g®8®Ejj j B (5.40) 


the “same” linear functional, where Wi G Cg denote the descents of Wi G Co, so that there 
is a natural identihcation Tug{wi)Xg = TuQ{wi)Ko. We will show that LgIkerDg is still an 
isomorphism, and hence there is a direct sum decomposition: 


7I'lR8g®KH_,^C(ge )=0 


8 ® Ej = ker Dg © ker 


(5.41) 


We will construct Qg with imQ^ = kerLg, i.e. the direct sum decompositions (5.37) and 
(5.41) coincide. We will also define natural “kernel gluing” isomorphisms ker Ho —)■ kerH^ 
which agree with L~^ o Lo- 


5.2.8 Bounded right inverses and kernel gluing IV: construction 

We now construct the right inverses Qg and the kernel gluing isomorphisms ker Dq A- ker Dg 
satisfying the desired properties discussed above. 

We hrst recall the following general construction, which allows one to upgrade an “ap¬ 
proximate right inverse” into a (true) right inverse. 

Definition 5.7. Let D : X ^ Y he a. bounded linear map between Banach spaces, and 
let T : Y —)• X be an approximate right inverse, meaning that ||1 —Dr|| < 1. Then 
there is a (necessarily unique) associated right inverse Q : Y ^ X with the same image 
imQ = imT, namely Q := T{DT)~^, where DT : V —)■ V is invertible by the geometric 
series ~ DT^. Moreover, we have (trivially) that ||Q|| < ||T|| (1 — ||1 — DT||)“^. 

To define the right inverse Qg, first define an approximate right inverse Tg of Dg as the 
following composition of maps in (5.26): 

Tg := calib o glue o PT o Qqo PT o id^’° o break (5-42) 

where Qq denotes the hxed right inverse of Dq defined by the property that im Qq = ker Lq. A 
consequence of the estimates (5.33)-(5.35) (expressing the fact that (5.26) almost commutes) 
is that II1 — DgTgW —)■ 0 as (/ —)■ 0 (see [Parl5, Lemma B.7.6]). Let Qg denote the associated 
true right inverse, which is uniformly bounded for g near zero (since all the maps in (5.26) are 
uniformly bounded). Note that Lg o calib o glue o PT = Lq by inspection, so imQo = ker Lq 
implies that im Qg = imT^ C kerL^. 

We define the kernel gluing isomorphism ker Dq ^ ker Dg as the composition: 

(1 — QgDg) o calib o glue o PT : ker Dq —)■ ker Dg (5.43) 

Note that Lg o {1 — QgDg) o calib o glue o PT = Lq by inspection, and hence (5.43) is 
injective. Now we have by definition that indDo = fv{T') — jp/s{T') — + dimEj and 

indDg = ia{Tg) — jj^VsiT') — #X -|- dimEj, where T' —>■ Tg denotes the image of g under 
the map {GQt'//t These indices coincide as remarked in Definition 2.25, so 

(5.43) is an isomorphism as both Dq and Dg are surjective. Since (5.43) is an isomorphism, 
so is LgIkerDg, and it thus follows that the inclusion imQg C kerL^ is in fact an equality 
imQg = ker Lg. 

Remark 5.8. It is possible to prove that (5.43) is surjective directly at the cost of proving a 
few more estimates. This thus gives an a priori proof that /i(T) = r{T') for T' —)■ T. 

Let us sketch the argument. Given ^ G heiDg, some a priori estimates show that 
in any neck, ^ decays rapidly to a constant vector field tangent to the trivial cylinder; 
moreover, this constant vanishes in Reeb necks since T^ms^'RRx^i.o'e) — 0- follows that we 
can apply an “ungluing” operation to produce a k of commensurable norm ||fi:|| x ||£|| with 
IIDokII = o(l) ■ ||fi:|| and Lqk = Lgi. Now we have ||£ — (calib o glue o PT)(fi:)|| = o(l) • jj^ll by 
explicit calculation, and it follows that the image of (1 — QqDq)k G kerDo under (5.43) is 
within distance o(l) ■ ||£|| of i. Since this holds for all i G ker Dg, we conclude that (5.43) is 
surjective. 
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5.3 Gluing map 

We now define the gluing map and show that it is a germ of homeomorphism. This is the 
“endgame” of the gluing argument, where we deduce the desired results from the technical 
work performed above. 

5.3.1 Definition of the gluing map 

We hrst recall (following our sketch in §5.2.7) how our work above implies that T“^(0) is a 
manifold near zero and that projection along im Qg provides a diffeomorphism between it 
and ker Dg near zero. 

We have hxed a right inverse Qg for Dg = Tg(0, •) with ||Qg|| bounded uniformly for g 
near zero. Now it follows from (5.24) that Qg is an approximate right inverse to over 
the ball of some radius > 0 (uniform in g). Hence over this ball of radius 4.5 > the 
operator is surjective, i.e. Tg is transverse to zero. By the Banach space implicit function 
theorem, it thus follows that T“^(0) is a C^-submanifold (for k > £ + 2) which is transverse 
to im Qg. 

Let us now show that map kerD^ —)■ T“^(0) given by projection along im Qg (is well- 
dehned and) is a diffeomorphism near zero. The key point is that the map 1 — QgS^g is a 
contraction mapping when restricted to any slice (^ + imQg) n with ^ sufficiently 

small in terms of This follows from (5.25) and (5.23), which moreover imply that the 
contraction constant approaches zero (uniformly in g) as cj. ^ 0. This gives the desired 

result, and moreover shows that the projection along imQg to T“^(0) is given (over the 
whole ball 5(4,5)) ^y the limit of the Newton-Picard iteration ^ ^ ^ — Qg3^g^. 

We can now dehne the gluing map, by precomposing the above local diffeomorphisms 
kerDg —)■ T“^(0) with the kernel gluing isomorphisms kerDo 4- kerD^ and letting g vary. 
In other words, the gluing map: 

((GQtv/t X X ker Do, (0,0)) ^ (5.44) 

sends ((?, k) to the map exp^^ : Cg Xg, where G T“40) is unique intersection 
point T“40) 01 (((1 — QgDg) ocaliboglueo PT)(fi;) +imQg) in The discrete data for 

exp^^ Cg ^ Xg is naturally inherited from that for uq ■. Cq ^ Xq. Since Tg is transverse 
to zero at it follows that the image of the gluing map is contained in M*(T)j®. 

The gluing map evidently commutes with the maps from both sides to (§*)r'//T x s(T) x 
Ej\i (recall that imQg = kerLg projects trivially onto Ej\i by dehnition). 

Let us also note here that the inequality /r(T') — #I^(T') —2^iV+dimD/ > 0 follows from 
the fact that Dq is surjective, kerDo Ej^j is surjective, and indDo = g^{T') — ^Vs{T') — 
2j£N + dim Ej. 

5.3.2 Properties of the gluing map 

We now show that the gluing map is a germ of homeomorphism. More precisely, we show 
that the gluing map is continuous and that it is a germ of bijection. We then appeal to 
some point set topology to see that the gluing map is a germ of homeomorphism (though 
continuity of the inverse could also be proven directly). 
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Lemma 5.9. The gluing map is continuous. 

Proof. Recall that may be described via the Newton-Picard iteration as follows. Namely, 
= limj^oo fTg, where: 

4+‘ = k; - (5.45) 

= (calib o glue o PT)(k) (5.46) 

Note that there is no 1 — QgDg in the dehnition of (this is ok since QgDgUg E im Qg). 
Now suppose (gi, Ki) —)■ (g,K) (a convergent net), and let us show that exp„ ■ 

^9i y* 

Cg^ —)■ Xg^ approaches exp„^ : Cg ^ Xg in the Gromov topology. 

First, we claim that ||(Ki)“ — i^^\\k, 2,5 —t 0. By uniform convergence of the Newton- 
Picard iteration, it suffices to show that \\{n,i)g. — n.g^\\k, 2,5 —t 0 for all n. The case n = 0 
follows from uniform boundedness of calib o glue o PT. The desired claim then follows by 
induction on n using (5.24). Now the claim implies that ||(Ki)“ — «^“||oo —t 0, and thus it 
suffices to show that: 


exp„^, : Cg. -E Xg. approaches exp„^ : Cg ^ Xg (5.47) 

Dehne («^^)°. by (as the notation suggests) pregluing from Cg to Gg. as follows. In 
any neck of Cg^ corresponding to a pair of ends of Gg, we preglue via calib o glue o PT as 
before (this operation is local to the ends/neck). In any neck of Cg. corresponding to a neck 
of Gg, we simply use parallel transport and an nice diffeomorphism between the two necks 
(say, converging to the identity map in the G°° topology as gi -Eg). We may assume without 
loss of generality that there are no pairs of ends of Gg. corresponding to a neck of Gg. 

Now we claim that: 

(5.48) 

Away from the necks/ends, the 1-form part of is nonzero only because of using 

j(g.)j in place of Jg^. We have j(gpj —)■ Jg^, so the desired estimate follows since («“)g. = 
away from the ends/necks. Over the Reeb ends of Gg., the 1-form part vanishes. Over the 
Reeb necks of Gg. corresponding to necks of Gg, the 1-form part approaches zero. Over 
the Reeb necks of Gg. corresponding to pairs of ends of Gg, the estimate follows from the 
exponential decay of and Uq and the fact that 6 is admissible. The same applies to 
nodal necks, in addition considering the convergence J(gi)t —t Jgt- The part clearly 

approaches zero. This proves (5.48). 

Now we consider the Newton-Picard iteration starting at (^“)g., with limit (k“)^ G 
T“.^(0). By uniform contraction of the iteration and (5.48), we conclude that ||(fi:^)g. — 
(k^)^ life, 2,5 —t 0. It thus follows that: 


exp„^. («:“)“ : Gg. ^ Xg. approaches exp, 


'9 9 


■ Clg ^ Xg 


(5.49) 


By construction, we have Lg.{{K^^ 


similarly L 


9i\^gi . 


Now we claim that (k“)“ = which is clearly sufficient to conclude the proof. 

') = = L„(k). Thus (k“)“ and k“ 

imQg,, which is enough. 


) 9 i) = = Lo{k) and 

differ by an element of ker Lg. = 

' □ 
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Lemma 5.10. The gluing map (5.44) is a germ of bijection. That is, for every sufficiently 
small neighborhood U of the basepoint in the domain, there exists an open neighborhood V 
of the basepoint in the target such that every v E V has a unigue inverse image u E U. 

Proof. Let x E and denote the corresponding map hj u : C ^ X. We assume that 

X is sufficiently close to Xq, and we will show that x has a unique inverse image under the 
gluing map (5.44). 

Concretely, x close to xo in the Gromov topology means the following. We may identify C 
with {Ci 3 ,jw), for arbitrarily small gluing parameters (d E x and an almost com¬ 

plex structure which agrees with jo except over a compact set (away from the ends/necks) 
where it is arbitrarily C°° close to jo- Furthermore, the map u : {Cp,jw) —)■ W is arbitrarily 
C^-close to Uo away from the Reeb ends/necks, and over the Reeb ends/necks it is arbitrarily 
C^-close after forgetting the M-coordinate. Note that by Lemma 5.11 and Arzela-Ascoli, we 
in fact have u is arbitrarily C°°-close to Uq away from the ends/necks. 

Now observe that there are unique points qy^i E C close to qy^i E Co where u intersects Dy^i 
transversally. These points give rise to unique points q'y E C according to the sections chosen 
in §5.1.2. Now regarding u{q'.f) G X as lying on the “zero section” determines (uniquely) a 
gluing parameter g E (G*)r'//T and an isomorphism X = Xg. Thus x corresponds to a map 
^ • {Cpijw) ^ 

Now in any Reeb end [0, cx)) x C or Reeb neck [0, S'] x C Cy, we apply [HWZ02, 
Theorem 1.3] to see that u decays exponentially to a trivial cylinder. In particular, we 
conclude that for unglued edges, the tangent space marking of Cy at {pv,e} induced by 
the cylindrical coordinates on Xg is arbitrarily close to the tangent space marking descended 
from Co- We also conclude that the gluing parameters (5 E are given by Lf^ge + o{l) 

and Of. -|- o(l) (i.e. are very close to those coming from g), and we recover the point q'f E Cy 
as the inverse image of exp„^|^(g//)(ker From these estimates, we conclude that x 

corresponds to a map u : {Cg^aCy) which is arbitrarily C'°°-close to Ug^a (including over 

the ends/necks, with respect to the cylindrical coordinates) respecting the tangent markings 
at py^e and sending q'f to exp^^|^(q//^(ker 7rRa^0RR,^). Here a and y can be assumed arbitrarily 
small, and we use the fact that (5.10) is a local diffeomorphism uniformly in g. 

The injectivity radius of our hxed exponential map on Xg is bounded below uniformly, 
so X corresponds uniquely to some pair (m = exp^^ ^ ^ : {Cg^aCy) e), where: 


{f,y,e-eo) EW^^^’\Cg,^,ul^TXg) 


9) ^(qy,i)£TD„^i 

’'■R8s®KH>,C(9e)=0 




(5.50) 


has arbitrarily small norm due to the a priori estimates on u from Lemmas 5.11, 5.12, and 
[HWZ02, Theorem 1.3]. Now we observed in the gluing construction that for any fixed 
sufficiently small g, the gluing map gives a local diffeomorphism between kerDo ^md T“^(0), 
over a ball of size uniformly bounded below. Thus our map is uniquely in the image of the 
gluing map. □ 


Since the target of the gluing map is Hausdorff and the domain locally compact Hausdorff, 
it follows from continuity (Lemma 5.9) and bijectivity in a small neighborhood (Lemma 5.10) 
that the gluing map (5.44) is in fact a local homeomorphism, thus completing the proof of 
Theorem 3.23. □ 
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5.4 Orientations 

We now prove the compatibility of the geometric and analytic maps on orientation lines, 
namely that (3.14) commntes. We rely heavily on the glning constrnction in §§5. 1-5.3. 

Proof of Theorem 3.24. The glning map (5.44) (in the case I = J) allows ns to describe the 
left vertical “geometric” map in (3.14) (i.e. the map indnced by the topological strnctnre of 
M*(T))^®®) near the basepoint xo as follows. Note that we may assnme (for convenience) that 
N = 0, since this locns is dense. Recall that there is a canonical identihcation: 

OkevDo = 0%, ® (g) Oej (5.51) 

Now consider snfficiently small {g, n), where g G (G*)t 7 /t lies in the top stratum (T' —)■ T). 
Now is a submanifold with tangent space her •), and there is a canonical 

identihcation: 

■^ker = 0^ 0 ^ ^ ^Ei (5.52) 

The gluing map is differentiable with respect to k since T“^(0) is a submanifold transverse 
to im Qg. Its derivative is clearly given by the composition of ker Dq ker Dg and the map 
ker Dg —)■ kerT(^(K“, •) given by projecting off imQ^. This map kerDo kerT(^(K“, •) thus 
gives the “geometric” map o^, when combined with the isomorphisms above. 

Now the right inverse Qg to Dg = Tg(0, •) is an approximate right inverse to 3^g(^, •) for 
all f G R(cjj 5 ) by (5.24). Hence the kernel kerT^(^, •) forms a vector bundle over ^(cj. ^) 
which is canonically oriented by 0 ® and the map ker^o kerTg(,^, •) 

makes sense for all such Thus the geometric map on orientations is also given by the 
simpler map at ^ = 0: 

ker 0„ k,,, o, (5,53) 

combined with the canonical identihcations: 

OkerDo = Ot' ® ® Oe, (5.54) 

OkerDg = 0^ 0 0 Oe, (5.55) 

Now this map (5.53) is precisely the sort of kernel pregluing map which defines the “analytic” 
map on orientations. 

Strictly speaking, the analytic map off, —)■ of is defined using a slightly different linearized 
operator (no J, Ej, or point conditions), but this is only a “hnite-dimensional” difference 
(note also that 3 is canonically oriented since it is a complex vector space). It is thus 
straightforward to relate them and see that they give rise to the same analytic map on 
orientations. □ 

5.5 Elliptic a priori estimates on pseudo-holomorphic curves 

We record here some fundamental a priori estimates which guarantee the regularity of 
pseudo-holomorphic curves. These estimates play a fundamental role in the basic local 
properties of moduli spaces of pseudo-holomorphic curves. In particular, they are a crucial 
part of the proof of surjectivity of the gluing map in Lemma 5.10. 


73 



Lemma 5.11 (Gromov [Gro85]). Let u : -D^(l) (-B^”(l), J) he J-holomorphic, where J is 

tamed by dX. For every k < oo, we have: 

ll«llc.(D»(i-,)) < M . (1 + s-‘) (5.56) 

for some constant M = M{k, J, X) < oo. 

Proof. The Gromov-Schwarz Lemma (see Gromov [Gro85, 1.3.A] or Muller [Mul94, Gorol- 
lary 4.1.4]) is the case k = 1. Standard elliptic bootstrapping allows one to upgrade this 
to bounds on all higher derivatives (see [Parl5, Lemma B.11.4]). Note that it is enough 
to bound D^u at 0 G the full result is recovered by restricting to the maximal disk 

centered at a given point in □ 

Lemma 5.12 (Well-known). Let u : [0, A^j x ^ (i?^”(l), J) be J-holomorphic, where J 
is tamed by dX. For every k < oo and e > 0, we have: 

ll«llc.(|..A--.|xs.) < M ■ (1 + (5.57) 

for some constant M = M{k, e, J, X) < oo. 

Proof. See [MS04] or [Parl5, Proposition B.ll.lj. □ 

A similar result for long J-holomorphic cylinders m:[0,A^]xS'^—)-M xy due to Hofer- 
Wysocki-Zehnder [HWZ02, Theorem 1.3] (see also [BEHWZ03, Proof of Proposition 5.7]) 
gives (under appropriate hypotheses) a bound of the form: 

||«(s, t) - (Ls + b, 7(i))llc.(|..-v-.|xs.) < V ■ e-l*---' “‘”<'•''-1 s > (5.58) 

for some 6 G M, some ^ \ ^ Y with dt^ = L ■ R\{j) parameterizing 7 G T, and some 

constants M, sq < 00 depending only on {Y, X, J), the A-energy oi u, k < 00 , and e > 0. 
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